Robust-optimal control of a servo motor by Kettle, Paul J
Robust-Optimal Control of a Servo Motor.
D o cto r  o f  P h ilo sop h y  in E lec tron ic  E n g in eerin g . 
By Paul J. Kettle.
Dublin City University 
School of Electronic Engineering 
Supervised By Dr. Aengus Murray.
12/1994
I hereby certify that this material, which I now submit for assessment on 
the programme of study leading to the award of Doctor of Philosophy in 
Electronic Engineering is entirely my own work and has not been takes 
from the work of others save and to the extent that such work has been 




The author would like to acknowledge the financial support of Power Electronics 
Ireland at Dublin City University who funded this research.
I would also especially like to acknowledge the contributions of my supervisor Dr. 
Aengus Murray and my surrogate supervisor Dr. Anthony Holohan for their support 
and guidance during the course of this research.
I would further like to acknowledge the support of my family and friends with a 
particular mention for Emer, Dave, John, Peter and my mother.
And finally I would like to acknowledge Aphra for her support and understanding 
during the past years.
Many thanks to you all P..,
Abstract.
This work develops a frequency domain loop shaping design strategy based on linear 
quadratic gaussian controllers with loop transfer recovery (LQG/LTR). The design 
strategy presented is an integrated design synthesis procedure which is conducive to 
educated trade-off management. The controller design specification are expressed in 
terms of loop shaping bounds for load dynamic and model uncertainties, command 
response times and disturbance response times. The design philosophy is to first and 
foremost satisfy the stability constraints subject to the model variation specification 
and then to satisfy the time domain design specifications. The LQG/LTR controller is 
synthesised in discrete time, the resulting design is a Robust-Optimal design. 
Asymptotic disturbance rejection is achieved by using a disturbance estimate 
feedforward technique.
Within the servo control industry two position feedback sensors are commonly used, 
namely the resolver and the optical encoder. In this work the controllers designed are 
applicable to both types of feedback sensors. Particular attention is given to the 
resolver sensor and corresponding estimator design. Often the resolver sensor is 
favoured because of its robust construction which is particularly suited for industrial 
environments. In this work a modified Extended Kalman estimator is developed which 
eliminates the need for a resolver to digital converter. A steady state solution for the 
Extended Kalman estimator is developed which provides a numerically robust and 
efficient estimator design. Finite manufacturing process and demodulation circuitry 
can often distort the resolver's outputs, these distortions introduce amplitude, bias and 
phase discrepancies onto the resolver channels which subsequently introduce velocity 
ripple into the closed loop system. In this work a parameter estimation scheme is 
developed which estimates and corrects the imperfections of the sensor interface.
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1. Introduction.
Within the servo control and industrial control industry there is an increasing trend to 
move towards using digital control techniques. This trend reflects the reducing costs 
and hence increasing availability of fast microprocessor technology. The availability of 
fast Digital Signal Processors (DSPs) at competitive prices has increased the choice 
and complexity of control algorithms that can be used for fast control applications. 
Conventionally these algorithms, because of their numerical complexity, were only 
used in high budget applications such as military or aerospace applications. However 
with an increasing number of MIPS/pound more elaborate control algorithms are 
finding their way into the commercial control sector.
In this work one such controller, the linear quadratic gaussian controller, with loop 
transfer recovery (LQG/LTR) is developed for applications in servo motor control. 
"Very few published papers deal with either the method itself or with the applications 
orientated studies that have exploited the LQG/LTR methodology. As a consequence, 
this powerful method is not readily accessible to the practising engineer" [Athans 86]. 
To this day there is still a void of published literature regarding practical design / 
implementation issues on the LQG/LTR methodology. Very few published works deal 
with discrete time issues regarding LQG/LTR design. This work is a contribution in 
this direction. It presents a systematic design methodology for synthesis of a discrete 
time LQG/LTR controller.
No matter how powerful the design methodology, a typical application requires 
several iterations. Hence it is important that the design procedures are transparent, are 
conducive to educated trial and error design iterations, and that the number of design 
parameters be kept at an absolute minimum. The design methodology developed in 
this work presents graphically each stage of the design, from which informed design 
decisions can be made.
The LQG/LTR design is usually graphically presented in the frequency domain, 
consequendy most of the associated literature deals with a continuous time synthesis 
of the controller. Conventionally LQG/LTR synthesis is performed in continuous 
time, the final design is then mapped into discrete time using the bilinear 
transformation or an similar transformation. Surprisingly few published papers deal 
with the development of discrete time LQG/LTR controllers. In this work issues 
regarding the discrete time design and implementation of the controller are studied, it 
will become apparent that the continuous time design holds important consequences
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in a discrete time implementation. In the present work the LQG/LTR design synthesis 
is performed in discrete time, in total three discrete LQG controller structures will be 
evaluated.
By using an estimation technique the number of required feedback sensors can be 
reduced. In this work the resolver1 is used for position feedback information. 
Conventionally this.resolver signal is converted into digital position and analogue 
velocity information using a resolver to digital converter (RDC). The RDC is 
susceptible to quantization noise and providing poor velocity information at low 
speeds [Murray 91]. Chapter 2 deals with the development of a novel estimation 
scheme which eliminates the need for the RDC, enhances the quality of the feedback 
information and provides significant cost savings. This chapter also presents a 
parameter estimation technique for estimating and tracking imperfections in the 
resolver interface. The resulting sensor interface provides significant cost savings 
while retaining the performance properties of the conventional interface.
In conventional control design the design specifications are often specified in terms of 
time response characteristics, disturbance and noise suppression properties and gain 
and phase margins. Often the design procedure satisfies one of the above 
specifications and is then iterated to optimise for the others. In this work these design 
specifications are integrated in a single design procedures.
In general a model of a physical system is an approximation of that physical system. In 
practice high frequency components are often approximated to gains, to reduce the 
complexity of the design / implementation. Furthermore in servo applications the load 
characteristics can also change depending on the nature of the application, such 
parameter changes can be characterised as model uncertainty or model error. 
However high frequency model errors impose a limit upon the control system 
bandwidth and thereby limit the performance of the feedback system. Furthermore 
parameter variation can effect the stability of the feedback system. In this work these 
model uncertainties are used to loop shape the controller design in a similar manner to 
the H°° design procedure.
The emphasis of this design methodology is a controller design that is first and 
foremost robust to such parameter variations and secondly optimal from a time
'The controllers designed in this work are not restricted to the Resolver class of sensor. It shall be 
shown that the solution for the Optical Encoder sensor is a subset of the Resolver solution.
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response point of view. Chapter 3 deals with the development of such a robust 
controller. The design is specified in terms of bounds on the variation of the load 
dynamics. Subject to these bounds, the performance and response of the system is 
optimised via a Linear Quadratic (LQ) constraint. The controller design in chapter 3 
incorporates the state estimator developed in chapter 2. During the design, trade-offs 
can be made between command response and disturbance response times depending 
on the applications requirements.
For most servo control applications performance of the controller is reflected in the 
cost of the overall system. In this work the performance of the controller is improved 
while reducing the cost and complexity of the overall system. This is achieved by 
using a high performance DSP with ample computational resources for the control 
application, surplus resources are subsequently used to eliminate some of the 
conventional hardware and complexity. The increased cost of the DSP is partly 
justified by the savings made by eliminating some of the conventional circuits and the 
increased performance of the design. The cost of performance is thus linked to the 
cost of the processors. As the costs of these devices further reduces the 
corresponding cost of performance will also reduce.
From an optimality and efficiency point of view the motor mechanical constants and 
its load mechanical constants2 should be matched. In this work further insight into the 
choice of a motor for a particular application is given in terms of the constraints of the 
robustness bounds. In an application where the motor is undersized, the robustness 
bound design will produce a controller design with a damped response or alternatively 
a design with a narrow bandwidth resulting in a design with a degraded response time. 
By increasing the size of the motor the robustness bounds are subsequently relaxed 
and the response times can thus be improved. In general, robustness bounds will place 
constraints on the response of a system. Indeed the relative size of the motor and load 
constants can be used as a tuning parameter at design time.
In conventional position servos proportional controllers are often used. These 
controllers are however susceptible to tracking or steady state errors due to external 
forces [Ohishi 87]. These external forces generally comprise of load torque and 
frictional torques such as static friction, Coulomb friction and viscosity friction.
2Namely load Inertia and viscosity. Note that these constants are really time varying parameters. For 
the purpose of this controller design they are assumed to be constant. A  robust controller design is 
one which remains stable even in the presence of such an assumption.
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C o n v e n t io n a lly  th e  e f fe c ts  o f  th e se  d istu rb a n c es  are  m in im ise d  b y  d e s ig n in g  a  
c o n tr o lle r  w ith  a h ig h  lo o p  g a in . H o w e v e r  a f in ite  error  w il l  p e r s is t  fo r  a  f in ite  lo o p  
g a in . A n  a lter n a tiv e  a p p ro a ch  is  to  u s e  in te g ra l a c t io n , th is  h o w e v e r  in tr o d u c e s  
a d d itio n a l d y n a m ic s  in to  th e  c lo s e d  lo o p  sy s te m  an d  h e n c e  a f fe c ts  th e  tra n sien t  
r e s p o n s e  to  c o m m a n d  c h a n g e s  [K e ttle  9 3 ] ,  In th is w o r k  th e  s ta te  e s t im a to r  is  u s e d  to  
p r o v id e  e s t im a te s  o f  th e  su m  o f  th e  e x ter n a l d istu rb a n c e  to r q u e s  e n te r in g  th e  p lan t. 
T h is  to r q u e  f ig u r e  i s  th en  fe d  fo r w a rd  and  u s e d  to  q u ic k ly  su p p r e ss  th e  a f fe c ts  o f  th e  
d is tu r b a n c e s . T h is  te ch n iq u e  o v e r c o m e s  th e  s te a d y  s ta te  an d  tr a n sie n t erro rs d u e  to  
e x te r n a l d istu rb a n c es  w ith o u t  th e  d e g r a d a tio n  in  c o m m a n d  r e s p o n s e  [F ran k lin  8 0 ] .  
T h is  w o r k  c a n  b e  d is t in g u ish e d  fro m  o th e r  d istu rb a n c e  fe e d fo r w a r d  te c h n iq u e s  
[O h ish i 8 7  8 9 a  8 9 b ] ,  [H o ir  88  8 9 ] and  [R o g n o n  88 ] b y  th e  m a n n er  in  w h ic h  th e  
d is tu rb a n c e  to r q u e  /  a c c e le r a tio n  in fo rm a tio n  is  e v a lu a te d . In  th is w o r k  d is tu rb a n c e  
to r q u e  is  e s t im a te d  u s in g  an in tegra l error  te c h n iq u e  w h ic h  is  in h er en t in  th e  
fr a m e w o r k  o f  th e  K alm an  e s tim a to r . T h is  te ch n iq u e  p r o d u c e s  an  e s t im a te  o f  to r q u e  
w h ic h  is  le s s  s u sc e p t ib le  to  m e a su r em e n t n o is e  and  h e n c e  su p e r io r  to  d e r iv a t iv e  b a sed  
o b s e r v e r s  [S c h m id t  9 2 ] ,  [L o r e n z  88 ].
T h e  c o n tr o lle r  d e s ig n  s tr a teg y  p u t fo r w a rd  is  th is w o r k  c a n  b e  d e sc r ib e d  as a  
s im p lif ie d  H~ c o n tr o lle r  fo r  s in g le  in p u t s in g le  o u tp u t s y s te m s . E v e r y  so lu t io n  o f  a 
H~ p r o b le m  h as an  e q u iv a le n t  L Q G  so lu t io n . In th is w o r k  th e  d e s ig n  p r o b le m  is 
p o s e d  in  term s o f  b o u n d s  o n  th e  u n cer ta in tie s  a s s o c ia te d  w ith  th e  p la n t u n d e r  c o n tr o l. 
T h e s e  b o u n d s  lo o p  sh a p e  th e  c o n tr o lle r  d e s ig n  and  u lt im a te ly  s e t  th e  b a n d w id th  o f  the  
c o n tr o lle r . T h e  p e r fo rm a n c e  and r e s p o n s e  tim es  o f  th e  c o n tr o lle r  are then  
su b s e q u e n t ly  o p t im ise d  u s in g  L Q  co n stra in ts  su b je c t  to  th e se  u n ce r ta in ty  b o u n d s . In  
th is w o r k  th is p r o c e d u r e  is  p r e se n ted  g ra p h ica lly . A t  e a c h  s ta g e  in  th e  d e s ig n  th e  
d e s ig n e r  c a n  m a k e  in fo r m e d  d e c is io n s  reg a rd in g  th e  a v a ila b le  tr a d e -o ffs .
A  c o n t in u o u s  L Q  c o n tr o lle r  is  in h eren tly  r o b u st o ffe r in g  a 6 0 °  p h a se  m a r g in , an  
in fin ite  g a in  m arg in  and  a d o w n s id e  ga in  m arg in  o f  0 .5 .  T h e  L Q G  c o n tr o lle r  d e s ig n  
d o e s  n o t  in h er it  th e se  r o b u s tn e ss  p ro p er tie s  o f  th e  L Q  d e s ig n . D u r in g  a  L Q G  d e s ig n  it 
is  n e c e s s a r y  to  r e c o v e r  th e se  ro b u stn e ss  p r o p e r tie s . T h is  is  a c c o m p lish e d  u s in g  a lo o p  
tr a n sfe r  r e c o v e r y  (L T R ) p ro ced u re .
T h e  c o m p u ta t io n a l o v e r h e a d  o f  a particu lar  d e s ig n  is  a  fu n d a m e n ta l c o n s id e r a t io n  
w h e n  c h o o s in g  a p articu lar  c o n tr o lle r  im p lem e n ta tio n . T h r o u g h o u t  th is w o r k  tr a d e ­
o f f s  are  h ig h lig h te d  b e tw e e n  p e r fo rm a n ce  and  c o m p u ta tio n a l o v e r h e a d . In th is w o r k  a  
n o v e l  a p p ro a c h  is  in tr o d u c e d  regard in g  sa m p le  fr eq u e n c y  s e le c t io n . T h r e e  K alm an  
f ilte r  s tr u c tu r e s  are  p r e se n te d , th e  c h o ic e  o f  a  p articu lar  s tr u c tu r e  d e p e n d s  o n  the
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a v a ila b le  c o m p u ta tio n a l r e so u r c e s , the r o b u stn e ss  r eq u ire m en ts  an d  th e  c h o s e n  sa m p le  
fr eq u e n c y .
C h a p te r  4  d e a ls  w ith  th e  d e s ig n  and  im p le m e n ta tio n  o f  th e  L Q G /L T R  lo o p  sh a p e d  
c o n tr o lle r  fo r  a  D C  se r v o  m o to r . D u rin g  th e  c o u r s e  o f  th e  c h a p te r  th ree  c o n tr o lle r  
im p le m e n ta tio n s  are d e v e lo p e d , e a c h  su b s e q u e n t  d e v e lo p m e n t  im p r o v e s  th e  
p e r fo r m a n c e  o f  th e  c o n tr o ller .
A ll  in  a ll  L Q G /L T R  a u g m e n te d  w ith  lo o p  sh a p in g  is  a  v e r y  p o w e r fu l  d e s ig n  sy n th e s is  
p r o c e d u r e . T h e  p r o c e d u r e  is  c o n d u c iv e  to  e d u c a te d  trial an d  erro r  d e s ig n  ite r a tio n s , 
an d  o f fe r s  a  w e l l  d e f in e d  tr a d e -o ff  m a n a g e m e n t p e r sp e c tiv e  o n  c o n tr o lle r  s y n th e s is .
5
2. The Estimator Design.
T h is  s e c t io n  d e a ls  w ith  th e  d e s ig n  o f  th e  s ta te  e s t im a to r  w h ic h  is  u se d  in  s u b s e q u e n t  
s e c t io n s  to  c lo s e  a  fe e d b a c k  c o n tr o l lo o p . T h e  o b je c t iv e  h ere  is  to  m in im ise  th e  
n u m b er  o f  fe e d b a c k  se n s o r s  thu s r ed u c in g  th e  c o s t  and  c o m p le x ity  o f  th e  
im p le m e n ta t io n . T w o  se n s o r s  w il l  be  u s e d , o n e  fo r  p o s it io n  in fo r m a tio n  and  o n e  fo r  
c u rren t in fo r m a tio n . T h e  cu rren t fe e d b a c k  in fo r m a tio n  is  u s e d  in  th e  p o s it io n  /  
v e lo c it y  se r v o  to  e n h a n c e  th e  d istu rb a n c e  r e je c tio n  p ro p e r tie s  o f  th e  d e s ig n . A s  w il l  b e  
ap p a ren t in  la ter  ch a p ters  th e  cu rren t fe e d b a c k  m e a su r e m e n t c o u ld  b e  e lim in a te d  at 
th e  e x p e n s e  o f  th e  d istu rb a n c e  r e sp o n se  p er fo rm a n c e .
W ith in  th e  s e r v o  in d u stry  tw o  p o s it io n  se n s o r s  d o m in a te  th e  m a r k e t, n a m e ly  th e  
r e s o lv e r s  an d  th e  o p t ic a l  e n c o d e r s . T h e  r e s o lv e r  is  in  e f f e c t  a  ro ta tin g  tr a n sfo r m er , th is  
s e n s o r  t e c h n o lo g y  h as b e e n  in  u s e  fo r  th e  p a s t  5 0  yea rs and  is  o f te n  fa v o u r e d  b e c a u se  
o f  r o b u s tn e s s  an d  reliab ility  in an in d u stria l e n v ir o n m e n t  T h e  r e s o lv e r  a ls o  p r o v id e s  
a b s o lu te  p o s it io n  in fo r m a tio n  w h ic h  is  n e c e s sa r y  in  A C  m o to r  c o n tr o l a p p lic a t io n s .  
T h is  t e c h n o lo g y  is  h o w e v e r  a n a lo g u e  b a se d  and  h e n c e  p r o n e  to  e n v ir o n m e n t n o ise .  
T h e  o p t ic a l e n c o d e r  is  a  d ig ita l b a sed  t e c h n o lo g y  and  h e n c e  c a n  o f te n  p r o v id e  
su p e r io r  s ig n a l to  n o ise  r a tio s . O p tica l e n c o d e r s  are h o w e v e r  m o r e  e x p e n s iv e  than  
th e ir  a n a lo g u e  c o u n te r p a r ts . In  th is resea rch  a  fe e d b a c k  e s t im a to r  b a se d  o n  th e  
r e s o lv e r  is  d e v e lo p e d . It sh a ll be  s h o w n  th a t an e q u iv a le n t  o p t ic a l e n c o d e r  b a sed  
f e e d b a c k  e s t im a to r  is  a  su b s e t  o f  th is r e s o lv e r  fe e d b a c k  e stim a to r .
C o n v e n t io n a l  r e s o lv e r  in te r fa c es  req u ire  th e  u s e  o f  a  r e s o lv e r  to  d ig ita l c o n v e r te r  
(R D C ) . T h is  is  u su a lly  a  hyb rid  c o n v e r te r  w h ic h  is  c o m p r is e d  o f  a n a lo g u e  m u ltip lier s  
an d  a  d ig ita l  tra ck in g  lo o p  [B o y e s  8 0 ] . F ig u re  [2 -1 ]  d e sc r ib e d  th e  in tern a ls o f  a  R D C . 
A n  R D C  tr a ck in g  c o n v e n e r  is  a  ty p e  2  se r v o  lo o p .
T h e  r e s o lv e r  o u tp u ts  d e sc r ib e d  b y  e q u a tio n  [2 - 2 ]  are m u ltip lie d  b y  th e  s in e  an d  c o s in e  
o f  th e  d ig ita l  p o s it io n , th is resu lts  in an error  s ig n a l d e sc r ib e d  b y  e q u a tio n  [ 2 - 1 ] .  T h e  
ca rr ier  is  d e m o d u la te d  fro m  th e  error  s ig n a l to  p r o d u c e  an erro r  p r o p o r tio n a l to  th e  
s in e  o f  th e  p o s it io n  error. T h e  track in g  lo o p  in c re m en ts  /  d e c r e m e n ts  th e  d ig ita l  
p o s it io n  c o u n te r  u n til th e  error is  d r iv en  to z e r o  a t w h ic h  p o in t  th e  r e s o lv e r  p o s it io n  is 
th e  m e a su r e d  p o s it io n . T h e  o u tp u ts  from  th e  R D C  are d ig ita l p o s it io n  an d  a n a lo g u e  
v e lo c it y  in fo r m a tio n . T h e  R D C  c o n v e r te r  is an e x p e n s iv e  c o m p o n e n t  in  a 
c o n v e n t io n a l  r e s o lv e r  in te r fa c es . T h e  r esea rch  here  s h o w s  h o w  th is c o m p o n e n t  c a n  be  
e lim in a te d  and  h e n c e  further r ed u c e  th e  c o s t  and  c o m p le x ity  o f  th is  s e n s o r  in te r fa c e .
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e =  A co s(2 jc^ i)(sin â  coscp -  cos0  sim p) 
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Fig. [2-1] Resolver to digital converter.
T h e  s e n s o r  in te r fa c e  u se d  in  th is resea rch  c o m p r is e s  o f  a  s te a d y  s ta te  e x te n d e d  
K a lm a n  e s t im a to r . In  th e  c a s e  o f  th e  r e s o lv e r  th e  in p u ts  to  th e  e s t im a to r  are  th e  s in e  
an d  c o s in e  c h a n n e ls  o f  th e  r e s o lv e r  and th e  arm atu re  cu rren t fe e d b a c k  in fo r m a tio n . In  
th e  c a s e  o f  th e  o p t ic a l e n c o d e r  th e  p ro b lem  r e d u c e s  to  th e  u s e  o f  a  L in e a r  K alm an  
e s t im a to r  w ith  e n c o d e r  p o s it io n  and  arm atu re cu rren t in p u ts . T h e  o u tp u ts  fr o m  b o th  
th e  K a lm a n  E stim a to r s  in  th e  fin a l d e s ig n  are p o s it io n , v e lo c ity ,  arm atu re  cu r re n t and  
d is tu r b a n c e  to r q u e  in fo r m a tio n . T h e  fo l lo w in g  s u b s e c t io n s  d e a l w ith  th e  d e v e lo p m e n t  
o f  a  s ta te  e s t im a to r  p a rticu la r  to  th e  r e so lv e r .
2.1 The Resolver.
T h e  r e s o lv e r  c a n  b e  d e sc r ib e d  as a  ro ta tin g  tra n sfo rm er  e x c it e d  b y  a ca rr ier  s ig n a l. 
T h e  o u tp u ts  fro m  th e  r e s o lv e r  are th e  carr ier  s ig n a l a m p litu d e  m o d u la te d  w ith  th e  
c a r te s ia n  p o s it io n  in fo r m a tio n  as d e sc r ib ed  b y  e q u a tio n  [2-2], T h is  c a r te s ia n  p o s it io n  
in fo r m a tio n  is  th en  e x tr a c te d  u sin g  an e n v e lo p e  d e te c t io n  te c h n iq u e . F ig u r e  [2-2] 
d e p ic ts  a  m o d u la te d  r e s o lv e r  ch a n n e l and  th e  o u tp u t  o f  th e  e n v e lo p e  d e te c t io n  s ta g e .  
A p p e n d ix  A  d e sc r ib e s  th e  c ir cu it  u se d  fo r  th is d e m o d u la t io n  s ta g e . T h e  r esu ltin g  
d e m o d u la te d  s ig n a ls  d e sc r ib e  th e  sen so r 's  p o s it io n  in  c a r te s ia n  c o -o r d in a te s ,  e q u a tio n  
[2-3],
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Vs =  A s in ( 0 ) * c o s ( 2 r c /Cr) 
Vc = A c o s ( 0 )  * cos(2itfct)
Vs = s i n ( 0 )









Fig. [2-2] Modulated resolver channel and demodulated channel.
T h e s e  c a r te s ia n  o u tp u ts  are n o n -lin ea r  fu n c tio n s  o f  r e s o lv e r  p o s it io n . T h e  K alm an  
f i lte r  c a n n o t  a c c o m m o d a te  su c h  m e a su r em e n ts . B y  u s in g  s im p le  tr ig o n o m e tr ic  a lg eb ra  
0  c a n  b e  d e sc r ib e d  u s in g  e q u a tio n  [2 -4 ] ,  T h is  te c h n iq u e  is  h o w e v e r  su sc e p t ib le  to  
a m p litu d e  and b ia s m ism a tch  in  the r e s o lv e r  ch a n n e ls  as w e l l  a s  m a sk in g  th e  w e ll  
d e f in e d  s to c h a s t ic  p ro p e r tie s  o f  th e  m e a su r em e n ts . E q u a tio n  [2 -3 ]  is  v e r y  m u c h  an 
id e a l r e p r e se n ta tio n  o f  th e  d e m o d u la te d  r e s o lv e r  o u tp u ts  [H a n se lm a n  9 0 ] .  In  g e n e ra l  
th e  r e s o lv e r  c h a n n e ls  c a n  be b e tter  d e sc r ib ed  b y  e q u a tio n  [ 2 - 5 ] ,  w h e r e  (j) d e sc r ib e s  a 
q u a d ra tu re  error  b e tw e e n  th e  tw o  s ig n a ls , A d e sc r ib e s  th e  a m p litu d e  o f  th e  r e s o lv e r  
c h a n n e ls , b d e sc r ib e s  th e  b ias o n  e a c h  c h a n n el and  u  d e sc r ib e s  a  G a u ss ia n  n o ise  
c o m p o n e n t  w ith  an  v a r ia n ce  g. T h e se  d is to r t io n s  are a  c o n s e q u e n c e  o f  th e  fin ite  
m a n u fa c tu r in g  p r o c e s s e s  u se d  in th e  r e s o lv e r  c o n s tr u c t io n  and  a d d itio n a l errors  
in tr o d u c e d  d u rin g  d e m o d u la tio n  and f ilte r in g  o f  th e  r e s o lv e r  c h a n n e ls .
0  =  arctan sin (Q )
c o s ( 0 )
=  arctan
v K y
=  Aj s in  (0  +  <)>) +  + #,-0
V2 = A , c o s ( 0 )  +  b2 + g 2t>
[2-4]
[ 2 -5 ]
In  th e  fo l lo w in g  s e c t io n s  th e  K alm an  filter  is  u s e d  to  f ilter  o u t  th e  m e a su r e m e n t  n o is e  
an d  p r o v id e  e s t im a te s  fo r  th e  s ta te s  o f  the  p lan t u n d er  in v e s t ig a t io n . In su b s e q u e n t
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s e c t io n s  an  a d a p tiv e  s c h e m e  w il l  b e  u se d  to  c o m p e n sa te  fo r  th e  e f fe c t s  o f  a m p litu d e  
an d  b ia s  m ism a tc h e s  o n  e a c h  r e s o lv e r  ch a n n el. T h is  s c h e m e  w il l  s e r v e  a s  a  s e lf - tu n in g  
m e c h a n ism  fu rth er  r e d u c in g  th e  c o s t  o f  th e  d e s ig n .
2.2 The Kalman Filter (KF) /  Estimator.
S e c t io n  3 .4  d e f in e s  th e  d isc r e te  K alm an  filter  and  its  c o n s t itu e n t  c o m p o n e n ts .  In  this  
s e c t io n  w e  w ill  u s e  th e  c la s s ic a l fo rm  o f  th e  K a lm an  filter . T h e  f ilte r  p r o b le m  c a n  b e  
d e sc r ib e d  as f o l lo w s .
G iv e n  a  d isc r e te  t im e  s to c h a s t ic  s ta te  sp a c e  d e sc r ip tio n  o f  a  s y s te m  [ 2 - 6 ]  an d  an  
o b s e r v a t io n  m o d e l [ 2 - 7 ] ,  w h e r e  i > , r  and  H in  e q u a tio n s  [2 -6 ]  an d  [2 - 7 ]  h a v e  their  
u s u a l s ta te  s p a c e  in terp re ta tio n  and  w h er e  a)* and  x>k d e n o te  p r o c e s s  n o is e  and  
m e a su r e m e n t  n o is e  s e q u e n c e s  r e s p e c t iv e ly , th en  an  e s t im a te  o f  th e  s ta te s  o f  th e  p lan t  
is  g iv e n  b y  e q u a tio n  [2 -9 ]  w h e r e  Kk is  th e  K a lm a n  g a in  d e sc r ib e d  b y  e q u a t io n s  [ 2 - 1 0 ] ,  
[ 2 - 1 1 ]  an d  [ 2 - 1 2 ] .  T h e s e  e q u a tio n s  c o m b in e  to  fo rm  th e  a lg eb ra ic  R ic c a t i  e q u a tio n . 
T h e s e  p r o c e s s  and  m e a su r e m e n t n o is e  s e q u e n c e s  are a ssu m e d  to  b e  u n c o r r e la te d , 
w ith  z e r o  m ea n  and  n o rm a l d istr ib u tio n s . F o rm a lly  th e s e  n o is e s  c a n  b e  m a th e m a tic a lly  
d e sc r ib e d  u s in g  e q u a tio n s  [ 3 - 9 7 ] ,  [ 3 - 9 8 ]  and [ 3 - 9 9 ]  in  s e c t io n  3 .4 .  T h e  m a tr ices  
Qk an d  Rk are d e f in e d  as p o s it iv e  d e fin ite  sy m m e tr ic  m a tr ices  [K a lm a n  6 0 ] ,[G e lb  
7 4 ] ,[G r im b le  88 ] ,[H a y k in  8 9 ] .
T h e  K a lm a n  f ilte r  is  b y  d e f in it io n  a  tim e  v ary in g  filter  h e n c e  th e  su b sc r ip t  n o ta t io n  o n  
th e  tra n sitio n  m a tr ix  <£*, in p u t c o u p lin g  m atrix  I"* and  o b se r v a tio n  m a tr ix  H * . In  th is  
s e c t io n  th e  p la n t an d  o b se r v a tio n  m o d e ls  are a ssu m e d  to  b e t im e  in v a r ia n t, h e n c e  the  
t im e  v a r y in g  p r o p e r t ie s  o f  th e  f ilter  w ill  n o t  be  e x p lo ite d . T h e  su b sc r ip t  n o ta t io n  o n  
th e  p la n t, c o u p lin g  an d  o b se r v a tio n  m a tr ic e s  are c o n s e q u e n t ly  d ro p p ed .
P la n t m o d e l:  xk+l = <t>kxk +  Ykuk +  Gkco* [ 2 - 6 ]
O b se r v a tio n  m o d e l:  zk =  Hkxk + x>k [ 2 - 7 ]
P r e d ic t iv e  E s t :  xk+l{k =  < M , |t +  Tkuk + GkQk [ 2 - 8 ]




A posteriori cov.: Pk]k = P ^  -  KkHkPk^ [2-12]
F o r  th e  lin ea r  t im e  in varian t sy s te m  th e  K a lm an  g a in  w il l  c o n v e r g e  to  s te a d y  s ta te  
v a lu e s . In d e e d  fo r  a  lin ear  sy s te m  th e  K a lm an  g a in s are in d e p e n d e n t o f  m e a su r e m e n t  
in fo r m a tio n  and  c o n se q u e n t ly  c a n  be c a lc u la te d  o f f - l in e  p r ior  to  im p le m e n ta t io n . F o r  
th e  in fin ite  h o r iz o n  lin ea r  tim e  in varian t p r o b le m  th e  s te a d y  s ta te  K a lm an  f ilte r  is  th e  
o p tim u m  filter , in  w h ic h  c a s e  th e  in itia l tra n sie n c e  o f  th e  K a lm an  g a in  c a n  b e  r ep la c ed  
b y  th e  s te a d y  s ta te  g a in . T h e  s te a d y  s ta te  K a lm an  im p le m e n ta tio n  g r e a t ly  r e d u c e s  th e  
o n - l in e  c o m p u ta tio n a l o v e r h e a d  req u ired  b y  th e  fu ll t im e  v a r y in g  K alm an  
im p le m e n ta t io n  [M e n d e l 7 1 ] ,  T h e  a lg eb ra ic  R ic c a t i  e q u a t io n  c a n  b e  s o lv e d  r e c u r s iv e ly  
u n til a  s te a d y  s ta te  so lu t io n  is  r ea c h e d . H o w e v e r , a  p referred  n u m er ica lly  r o b u st  
so lu t io n  is  a v a ila b le  b y  s o lv in g  fo r  th e  s ta b le  e ig e n v a lu e s  o f  the  H a m ilto n ia n  m a tr ix  fo r  
th e  e s t im a to r  p r o b le m , s e e  e q u a tio n  [ 3 -1 5 ]  [V a u g h a n  7 0 ] ,
In th e  c a s e  o f  th e  o p t ic a l e n c o d e r  in ter fa ce  th e  o b se r v a tio n  and  s y s te m  m o d e ls  are  
b o th  lin ea r  and  tim e  in varian t, c o n se q u e n t ly  th e  s te a d y  s ta te  K a lm an  filter  
im p le m e n ta t io n  c a n  b e  u se d  fo r  th e  c o n s tr u c tio n  o f  a  s ta te  e s t im a to r . In th e  c a s e  o f  
th e  r e s o lv e r  in te r fa c e , h o w e v e r , th e  o b ser v a tio n  m o d e l  is  a  n o n -lin e a r  fu n c t io n  o f  
p o s it io n . T h e r e fo r e  an  E x te n d e d  K a lm a n  f i lte r  c o n s tr u c t io n  is  req u ired .
2.3 The Extended Kalman Filter (EKF)/ Estimator.
F o r  th e  E x te n d e d  K alm an  filter  th e  g a u ss ia n  s ig n a l m o d e l e q u a tio n s  [2 - 6 ]  a n d  [ 2 - 7 ]  
are r e p la c e d  w ith  n o n lin ea r  s ig n a l m o d e ls  d e sc r ib e d  b y  e q u a tio n  [ 2 - 1 3 ]  a n d  [ 2 - 1 4 ] ,  
w h e r e  <!>(•) and  r(-) are n o n lin ea r  fu n c tio n s  and  G (-) is  n o n c o n s ta n t  in  g e n e r a l. In  this  
p a rticu la r  a p p lic a t io n  o n ly  th e  o b se r v a tio n  s ig n a l m o d e l is  n o n lin ea r , c o n s e q u e n t ly  fo r  
th is  p ro b lem  o n ly  e q u a tio n  [ 2 - 1 4 ]  is  req u ired .
■**+1 =  [ 2 - 1 3 ]
zk — Hk (xk) +  vk [ 2 - 1 4 ]
In th e  E x te n d e d  K a lm an  filter  d e s ig n  th e  n o n lin ea r  g a u ss ia n  s ig n a l m o d e l  is  l in ea r ise d  
a b o u t  th e  m o s t  r e c e n t  s ta te  e s t im a te . T h is  E x te n d e d  K a lm an  f ilte r  is  a su b o p tim a l  
f ilte r  d e s ig n  b e c a u se  th e  lin ea r ise d  s ig n a l m o d e l is  an a p p ro x im a tio n  o f  th e  rea l sig n a l 
m o d e l. In th is c a s e  th e  su b o p tim a lity  o f  th e  E x te n d e d  K a lm an  f ilte r  e x is t s  o n ly  w ith  
th e  c h o ic e  o f  a  r e fe r e n c e  tra jec to ry  fo r  th e  in n o v a tio n  s e q u e n c e . F o r  a  c o n c is e
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d e f in it io n  o f  th e  E x te n d e d  K alm an  s e e  [J a z w in sk i 7 0 ,  T h e o r e m  8 .1 ] ,  [A n d e r s o n  7 9 ] ,  
[M e n d e l  8 7 ]  and  [L e w is  9 2 ] .
In th e  E x te n d e d  K a lm an  c o n str u c t io n  th e  n o n lin ea r  fu n c t io n  i f  su ff ic ie n t ly  s m o o th  is  
e x p a n d e d  in  a  T a y lo r  se r ie s  e x p a n s io n  a b o u t th e  m o s t  r e c e n t  e s t im a te . T h is  e n su re s  
th a t th e  a v a ila b le  lin ea r  a p p ro x im a tio n  o f  th e  o b se r v a tio n  m o d e l  is  th e  b e s t  a v a ila b le  
a p p r o x im a tio n  and  J ie n c e  th e  r e fe re n c e  tra jec to ry  is  th e  b e s t  a v a ila b le  tra jec to ry . 
E q u a tio n  [ 2 - 1 5 ]  d e sc r ib e s  th e  fir s t tw o  term s o f  a  T a y lo r  se r ie s  e x p a n s io n  fo r  th e  
n o n lin ea r  fu n c tio n , w h e r e  H  in e q u a tio n  [ 2 -1 5 ]  is  a  J a c o b ia n  m a tr ix  d e f in e d  by  
e q u a t io n  [2 -1 6 ] ,
K {xk ) =  hk (xklk_{ ) + H(xk-  Xklk_{ ) + . . . .  [ 2 - 1 5 ]
[2 - 1 6 ]H =
)'r T 1 \x k ¿¡jt-
dh(x)
dx
B y  r ed e fin in g  th e  a priori and  a posteriori error  c o v a r ia n c e s  th e  e s t im a to r  p ro b lem  
c a n  b e  r ed e fin e d  in  term s o f  th e  lin ea r ised  o b se r v a tio n  m o d e l. E q u a tio n  [ 2 - 1 7 ]  to  [2 -  
2 3 ]  d e f in e  th e  E x te n d e d  K alm an  filter  fo r  a  g a u ss ia n  s ig n a l m o d e l  w ith  a  n o n lin ea r  
o b s e r v a t io n  m o d e l  [L e w is  9 2 ] ,
P la n t m o d e l:  xM =  ®kxk +  f kuk + Gkœk [ 2 - 1 7 ]
O b se r v a tio n  m o d e l:  zk =  hk (xk ) +  vk [ 2 - 1 8 ]
P r e d ic t iv e  E st.:  =  <&kxk]k +  Tkuk +  GkU5k [ 2 - 1 9 ]
C u rr en t E st.: +  Kk(zk - hk( x ^ ) ) - Ï5, [ 2 - 2 0 ]
G a in : Kk =  ^ C 2 ' 2 1 ]
A  priori cov. : PM{k =  ^ kP^D [ +  GkQkGTk [ 2 - 2 2 ]
A  posteriori cov. : Pk{k =  -  KkHk ( x kM ) p ^ _ , [ 2 -2 3 ]
T h e  o v e r a ll  s tr u c tu re  o f  th e  E x te n d e d  K alm an  filter  rem ain s th e  sa m e  as th a t o f  th e  
L in e a r  K a lm an  filter . H o w e v e r  from  e q u a tio n  [2 - 2 1 ]  it is  im m e d ia te ly  a p p a re n t that  
th e  E K F  g a in s are  a  fu n c tio n  o f  th e  m o s t  r e c e n t  e s t im a te . T h u s  th e  r e d u c e d  
c o m p u ta t io n a l o v e r h e a d  o f  th e  s te a d y  s ta te  K alm an  im p le m e n ta tio n  is  n o t  a v a ila b le  
w ith  th is  d e s ig n . T h is  is  a s ig n if ic a n t  d isa d v a n ta g e  w h e n  th e  g a in  c a lc u la t io n  
d o m in a te s  th e  c o m p u ta t io n a l o v e r h e a d  o f  th e  K alm an  im p le m e n ta t io n . In  th e
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fo l lo w in g  se c t io n  th e  stru ctu re  o f  th e  E K F  w il l  b e  a lter ed , in  p a rticu la r  th e  m a n n er  in  
w h ic h  th e  in n o v a tio n  s e q u e n c e  is  e v a lu a te d . A s  a  r esu lt o f  th is a  s te a d y  s ta te  s o lu t io n  
fo r  th e  E K F  w i l l  b e  o b ta in ed .
2.4 The Steady State Extended Kalman Filter (SSEKF).
In  th is  s e c t io n  a s te a d y  sta te  im p le m e n ta t io n  o f  th e  E x te n d e d  K a lm a n  e s t im a to r  w i l l  b e  
d e r iv e d . T h is  p articu lar  s o lu t io n  is  u n iq u e  to  th e  n o n lin ea r  r e s o lv e r  p r o b le m . T h e  
o b se r v a tio n  m o d e l fo r  th e  r e s o lv e r  p ro b lem  is  d e sc r ib e d  b y  e q u a tio n  [ 2 - 2 4 ] ,  F o r  this 
d e v e lo p m e n t  it  sh a ll b e  a ssu m e d  th a t th e  r e s o lv e r  c h a n n els  h a v e  an  a m p litu d e  o f  o n e  
an d  a  m ea n  o f  z e r o . It sh a ll a lso  be a ssu m e d  th a t th e  m e a su r e m e n t n o is e s  x> o n  e a c h  
c h a n n e l  are u n co rre la ted  and h a v e  g a u ss ia n  d istr ib u tio n s .
T o  s im p li fy  th is d e r iv a tio n  o n ly  a  so lu t io n  fo r  a  sc a la r  p la n t m o d e l  w i l l  b e  d e r iv e d . T h e  
o u tp u t o f  th e  r e su lt in g  f i lte r  w i l l  b e  s im p ly  r e s o lv e r  p o s it io n . In d e e d  fo r  th e  sc a la r  c a s e  
th e  E x te n d e d  K alm an  e s t im a to r  is  rea lly  an E x te n d e d  R e c u r s iv e  L e a s t  S q u a res  
e s t im a to r .
F ro m  th e  o b se r v a tio n  m o d e l tw o  m a tr ices  are d e f in e d  n a m e ly  e q u a t io n  [ 2 - 2 5 ]  an d  [2 -  
2 6 ] .  E q u a tio n  [ 2 - 2 5 ]  is  s im p ly  a  m atrix  o f  th e  n o n lin ea r  fu n c tio n s  o f  th e  o b s e r v a t io n  
m o d e l a n d  [ 2 -2 6 ]  is  th e  J a c o b ia n  m atrix  o f  e q u a tio n  [ 2 - 2 5 ]  w ith  r e s p e c t  to  0 .
S u b s t itu t in g  th e se  d e f in it io n s  in to  e q u a tio n  [2 -2 1 ]  g iv e s  e q u a tio n  [ 2 - 2 7 ] ,  F o r  th e  
sc a la r  p r o b le m  th e  error  c o v a r ia n c e  is sc a la r  and h e n c e  is  r e p r e se n te d  in  lo w e r c a s e .  
N o t e  th a t th is s o lu t io n  is  n o t  u n iq u e  to  th e  sc a la r  p r o b le m , th e  sc a la r  p r o b le m  is 
c h o s e n  h ere  to  s im p lify  th e  d e v e lo p m e n t  o f  a  so lu t io n .
s in  0 t 1 f t )  
_ +  
COS0* 1)
[ 2 - 2 4 ]
[ 2 - 2 5 ]
[2 - 2 6 ]
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[ 2 - 2 7 ]
T h e  Rk m atrix  is  d e f in e d  a s th e  m e a su r e m e n t c o v a r ia n c e  m a tr ix . In  th e  c a s e  o f  th e  
r e s o lv e r  p ro b lem  th e  m e a su r e m e n t c o v a r ia n c e  m atrix  is  d e f in e d  b y  e q u a t io n  [ 2 - 2 8 ] ,  
w h e r e  a  in  th is e q u a tio n  is  th e  v a r ia n ce  o f  th e  m e a su r e m e n t n o is e  x>. W ith o u t  lo s s  o f  
g e n e r a lity  it  sh a ll b e  a ssu m e d  th a t th e  s to c h a s t ic  p r o p e r tie s  o f  th e  m e a su r e m e n t  n o is e  
is  th e  sa m e  fo r  e a c h  ch a n n el. F u rth erm ore  it  sh a ll b e  a ss u m e d  th a t th e se  n o is e s  are  
u n c o r r e la te d  w ith  e a c h  o ther.
S u b s titu t in g  fo r  Rk in  e q u a tio n  [2 -2 7 ]  and  e x p a n d in g  o u t  th e  r e su lt in g  e x p r e s s io n  
y ie ld s  a  c o m p a c t  so lu t io n  g iv e n  in  e q u a tio n  [ 2 - 2 9 ] .
B y  su b stitu tin g  th is la tter  e x p r e s s io n  fo r  Kk in to  th e  sc a la r  fo rm  o f  e q u a t io n  [ 2 - 2 3 ]  
th e  a posteriori error  c o v a r ia n c e  u p d a te , in d e p e n d e n t  o f  th e  m o s t  r e c e n t  e s t im a te , ca n  
b e  o b ta in e d  [ 2 -3 0 ] .
E q u a tio n  [ 2 -3 0 ]  and  th e  sc a la r  v e rs io n  o f  e q u a tio n  [ 2 -2 2 ]  n o w  d e sc r ib e  an  a lg eb ra ic  
R ic c a t i  e q u a tio n  w h ic h  is  in d ep en d e n t o f  th e  m e a su r e m e n ts  a n d  e s t im a te s .  
C o n s e q u e n t ly  an  o f f - l in e  so lu t io n  to  th e se  e q u a tio n s  e x is t s  and  h e n c e  a  s te a d y  s ta te  
s o lu t io n .
[ 2 -2 9 ]
[ 2 - 3 0 ]
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T h e  K a lm a n  g a in  d e sc r ib e d  b y  e q u a tio n  [ 2 - 2 9 ]  c a n  be p a r tit io n ed  in to  a  lin ea r  p o r tio n  
and  a  n o n lin ea r  p o r tio n . T h e  lin ea r  p o r tio n  is  a  fu n c t io n  o f  th e  a priori error  
c o v a r ia n c e  w h ic h  is  in d e p e n d e n t o f  m e a su r e m e n t and  s ta te  e s t im a te  in fo r m a tio n . T h e  
n o n lin ea r  p o r tio n  is  a  fu n c tio n  o f  th e  m o s t  r e c e n t  p o s it io n  e s t im a te . A  s te a d y  s ta te  
so lu t io n  fo r  th e  lin e a r  p o r tio n  e x is t s  g iv e n  a  s te a d y  s ta te  s o lu t io n  to  R ic ca ti's  e q u a tio n .  
In d e e d  a s w il l  b e  e s ta b lish e d  th e  lin ear  p o r tio n  o f  e q u a tio n  [ 2 - 2 9 ]  is  th e  K a lm a n  ga in  
fo r  th e  lin e a r  p r o b lem .
F o r  th e  lin ea r  sc a la r  o p t ic a l e n c o d e r  p ro b lem  th e  o b se r v a tio n  m o d e l is  d e sc r ib e d  by  
e q u a t io n  [ 2 - 3 1 ] ,  w h e r e  v  is  a  g a u ss ia n  n o is e  s o u r c e  w ith  a z e r o  m e a n  an d  a  v a r ia n ce  
o f  a. S u b stitu tin g  th is d e sc r ip tio n  in to  e q u a tio n  [ 2 -1 0 ]  y ie ld s  th e  K a lm an  g a in  a s  a  
fu n c t io n  o f  th e  a posteriori error  c o v a r ia n c e  [ 2 - 3 2 ] .  T h is  e q u a t io n  is  th e  sa m e  as th e  
l in e a r  p o r tio n  o f  th e  K a lm a n  f i lte r  g a in  fo r  th e  r e so lv e r  p r o b le m  [ 2 -2 9 ] .
[ 2 -3 1 ]
Tft   Pk\k~ I
Pk\k-\ + oi
[ 2 - 3 2 ]
T h is  r e la tio n sh ip  b e tw e e n  th e  E x te n d e d  K a lm a n  g a in  and  th e  lin ea r  K a lm an  g a in  is  n o t  
u n iq u e  to  th e  sc a la r  p r o b lem . S im ilar  resu lts  c a n  be e s ta b lish e d  fo r  th e  n o n -sc a la r  
p r o b le m .
B y  su b s t itu t in g  th e  g a in  e q u a tio n  [2 -2 9 ]  in to  e q u a tio n  [ 2 - 2 0 ]  a  cu rren t s ta te  e s t im a te  
u p d a te  e q u a t io n  c a n  b e  e s ta b lish e d  b a sed  o n  th e  n o n -lin ea r  g a in  m a tr ix . E q u a tio n  [2 -  
3 5 ]  d e s c r ib e s  th is  cu rren t e s t im a te  u p d ate .
— 17 " ~  [c o s  V i  ~ sin  V i ] |
Pk\k-l G-o
sin  Qk - s i n  6 ^ ,  
c o s 0 t — c o s  j





x k\k =  x k\k-1 + K'k sin (O * -  0 - j ) -  \>
[ 2 -3 4 ]
[ 2 -3 5 ]
T h e  n o n -lin e a r  r e s o lv e r  p ro b lem  has th u s r ed u c ed  to  a  lin ea r  o p t ic a l e n c o d e r  p ro b lem  
w ith  a m o d if ie d  in n o v a tio n  se q u e n c e . In th e  c a s e  o f  th e  r e s o lv e r  p r o b le m  th e  
in n o v a tio n  s e q u e n c e  is  s im p ly  th e  s in e  o f  th e  in n o v a tio n  s e q u e n c e  fo r  th e  e n c o d e r
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p r o b le m . T h e  a ttra c tiv e  n u m er ica lly  r o b u s t  so lu t io n s  to  R icca ti's  e q u a t io n  are  thu s  
a v a ila b le  in  th e  r e s o lv e r  p ro b lem  ( s e e  S e c t io n  3 .1 .2 ) .  T h e  tw o  p r o b le m s are  thu s  
e q u iv a le n t  e x c e p t  fo r  th e  m a n n er  in  w h ic h  th e  in n o v a tio n  s e q u e n c e  is  e v a lu a te d .
E q u a tio n  [ 2 -3 5 ]  is  n o t  a c o n v e n ie n t  fo rm  fo r  im p lem e n ta tio n  p u r p o se s  b e c a u se  th e  
q u a n tity  0* is  n o t  d ir e c t ly  a v a ila b le . A  b etter  in n o v a tio n  s e q u e n c e  is  g iv e n  b y  e q u a t io n
F o r  th e  rem a in d er  o f  th is w o r k  th e  r e s o lv e r  p ro b lem  w il l  b e  s o lv e d  a s  an  e n c o d e r  
p r o b le m  w ith  th e  m o d if ie d  in n o v a tio n  s e q u e n c e  d e sc r ib e d  b y  e q u a t io n  [2-36]. T h is  
p r o c ed u r e  w i l l  b e  s u b s e q u e n t ly  referred  to  as th e  S S E K F  d e s ig n .
2.5 The Estimator Design /  Problem Formulation.
T h is  s e c t io n  d e a ls  w ith  th e  particu lars reg a rd in g  th e  d e s ig n  an d  im p le m e n ta t io n  o f  a  
S S E K F  b a se d  e s t im a to r 3. T h e  e s t im a to r  d e s ig n e d  in  th is  s e c t io n  w i l l  fo r m  th e  b a s is  fo r  
th e  e s t im a to r  u se d  in  su b s e q u e n t  s e c t io n s  to  c o n s tr u c t  th e  fe e d b a c k  lo o p  in  a  L in ear  
Q u a d ra tic  G a u ss ia n  c o n tr o lle r . T h e  e s t im a to r  has tw o  fu n c tio n s  in  th is d e s ig n  th e  first  
o f  w h ic h  is  to  e s t im a te  th e  s ta te s  o f  th e  p la n t u n d er  c o n tr o l u s in g  th e  a v a ila b le  s e n s o r  
in fo r m a tio n . In th is p articu lar  c a s e  a p o s it io n  and a cu rren t s e n s o r  are  u s e d , from  
w h ic h  p o s it io n , v e lo c it y ,  arm atu re cu rren t an d  d istu rb a n c e  to rq u e  s ta te s  are e s t im a te d .
T h e  s e c o n d  fu n c tio n  p e r fo rm e d  b y  th e  e s t im a to r  is  th e  f ilter in g  o f  m e a su r e m e n t  and  
p r o c e s s  n o is e .  T h e  p o s it io n  and cu rren t s e n s o r  in fo r m a tio n  is  a n a lo g u e  in  o r ig in  and  
as a  c o n s e q u e n c e  is  o f te n  co rr u p ted  w ith  n o is e . In a d d itio n  th e  sa m p lin g  o f  th e se  
a n a lo g u e  s ig n a ls  in tr o d u c e s  q u a n tiza tio n  n o is e  o n to  th e  s e n s e d  in fo r m a tio n . In th e  
c a s e  o f  th e  o p tic a l e n c o d e r  th e  p o s it io n  in fo r m a tio n  is  d ig ita l  in  o r ig in , h e n c e  th e  n o is e  
c o m p o n e n t  o f  th is m e a su r e m e n t is  c o m p r ise d  p r im arily  o f  q u a n tiza tio n  n o is e .
3 The terms Filter and Estimator are used interchangeably in this thesis. The internal structure of the 
Kalman Filter and the Kalman Estimator are identical. The difference lies in the interpretation of the 
output of the filter/estimator. In the case of the Kalman Estimator the outputs are the internal states 





Q u a n tiz a tio n  n o is e ,  to  b e  d e n o te d  e ,  c a n  b e  d e sc r ib e d  s to c h a s t ic a l ly  a s  a  u n iform  
d istr ib u tio n  b e tw e e n  - A / 2  an d  A / 2 ,  w h e r e  A  is  th e  q u a n tiz a tio n  in terv a l. F ig u re  [2-3] 
s h o w s  th e  d e n s ity  fu n c tio n  fo r  th is u n iform  d istr ib u tio n . T h e  s to c h a s t ic  p r o p e r t ie s  fo r  
th is d istr ib u tio n  n a m e ly  its m ea n  and  v a r ia n ce  are d e r iv e d  in  e q u a t io n s  [2-37] an d  [2- 
38] r e s p e c t iv e ly  [S w a s z e k  8 5 ] , [F ran k lin  8 0 ] .
Fig. [2-3] Uniform Distribution
i*a/2 i i A/2
=  0 [2-37]
-A /2
y*2





=  “ [ ( A / 2 )3 -  ( - A / 2 )3]
[2-38]
T h e  q u a n tiz a t io n  in terv a l, A  is  a  fu n c tio n  o f  th e  s c a le  and  r a n g e  o f  th e  p a ra m eter  
b e in g  m e a su r e d . In th e  c a s e  o f  a  r e so lv e r  w ith  a s ig n a l r a n g e  fro m  -1  to  1 th e  
c o r r e s p o n d in g  A  fo r  a 16  b it A D C  is  d e sc r ib e d  b y  e q u a tio n  [2-39]. In th e  c a s e  o f  a  
cu r r e n t  m e a su r e m e n t in  th e  s ig n a l ra n g es fro m  - 5 0  to  5 0 ,  th e  c o r r e s p o n d in g  A  fo r  a 
12 b it  A D C  is  d e sc r ib e d  b y  e q u a tio n  [2-40]
A  =  (u  r a n g e -1  r a n g e ) / 2 BITS
16 " [2-39]
A  =  2  /  2
A  =  1 0 0 /  2 12 [2-40]
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T h e  n o is e  v a r ia n ce s  d u e  to  q u a n tiza tio n  n o is e  fo r  p o s it io n  an d  cu r re n t m e a su r e m e n ts  
are th u s d e sc r ib e d  b y  e q u a tio n s  [2 -4 1 ]  an d  [ 2 - 4 2 ]  r e s p e c t iv e ly .
In  th e  K a lm an  c o n str u c t io n  it  is  a ssu m e d  th a t th e  n o is e  s o u r c e s  h a v e  g a u ss ia n  
d is tr ib u tio n s . Q u a n tiz a tio n  n o is e  d o e s  n o t  in h eren tly  sa t is fy  th is c o n s tr a in t . H o w e v e r  
in  a  c o n fig u r a tio n  w h e r e  th e  n o is e  co n tr ib u tio n  d u e  to  q u a n tiz a tio n  n o is e  is  e q u a l in  
m a g n itu d e  to  th e  n o is e  co n tr ib u tio n  d u e  to  o th e r  s o u r c e s ,  th e  d is tr ib u tio n  o f  th e  
q u a n tiz a tio n  n o is e  is  m a sk e d  b y  th e  w h ite  d istr ib u tio n  o f  th e  o th e r  n o is e  s o u r c e s . N o te  
th a t a lth o u g h  a  w h ite  n o is e  so u r c e  d o e s  n o t  e x is t  in  n a tu re , th e  d is tr ib u tio n  o f  an  
in fin ite  su m  o f  u n co r r e la ted  n o ise  so u r c e s  w il l  a p p r o x im a te  to  a  w h ite  d is tr ib u tio n . In  
th is s itu a t io n  it  is  a ssu m e d  th a t th e  o th e r  n o is e  s o u r c e s  h a v e  a  w h ite  d is tr ib u tio n  and  
th a t th e  v a r ia n ce  o f  th e s e  so u r c e s  ca n  b e  d e sc r ib e d  b y  e q u a t io n s  [ 2 - 4 1 ]  a n d  [ 2 - 4 2 ] .  
H e n c e  th e  a c c u m u la t iv e  d istr ib u tio n s o f  th e  m e a su r e m e n t n o is e  w i l l  a p p r o x im a te  to  a  




[ 2 - 4 2 ]
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T h e  n e x t  s ta g e  in  th e  c o n s tr u c t io n  o f  a  K alm an  e s t im a to r  is  to  d e f in e  th e  p la n t  m o d e l  
fo r  th e  s y s te m  u n d er  in v e s t ig a t io n . T h e  particu lars o f  th is  m o d e l  are p r e se n te d  in  m o r e  
d e ta il in  s e c t io n  4.1. H e r e  h o w e v e r  it  w ill  s u f f ic e  to  s a y  th a t th e  K a lm a n  e stim a to r 's  
m o d e l  w i l l  b e  an  a p p ro x im a tio n  to  th e  p h y s ic a l sy s te m . T h e  p r o c e s s  c o v a r ia n c e  m atrix  
Q  d e f in e s  th e  e x te n t  to  w h ic h  th is m o d e l is  an  a p p ro x im a tio n . In  a  p r a c tic a l s itu a tio n  
th e  e x te n t  to  w h ic h  th e se  m o d e ls  are a p p ro x im a tio n s  is  o f te n  n o t  k n o w n . T h u s  a  fir s t  
a tte m p t  is  to  m o d e l th e  p r o c e s s  n o ise  o f  a  n o is e  s o u r c e  e n te r in g  a t  th e  in p u t  to  th e  
p la n t. T h e  r e la tiv e  v a r ia n ce  o f  th is n o ise  s o u r c e  w ith  r e s p e c t  to  th e  v a r ia n c e  o f  th e  
m e a su r e m e n t  n o is e  w il l  d e f in e  th e  r e la tiv e  w e ig h t in g  o f  th e  p la n t m o d e l  and  
m e a su r e m e n t  in fo r m a tio n . I f  th is p r o c e s s  n o is e  is  h ig h  r e la tiv e  to  th e  m e a su r e m e n t  
n o is e  th e  K a lm an  e s t im a to r  w il l  w e ig h t  th e  a posteriori in fo r m a tio n . I f  th e  p r o c e s s  
n o is e  is  h ig h  re la tiv e  to  th e  m e a su r em e n t n o is e  th e  K a lm an  f ilte r  w i l l  fa v o u r  th e  
m e a su r e m e n t  in fo r m a tio n . T h e  ratio  o f  th e  p r o c e s s  n o is e  c o v a r ia n c e  an d  m e a su r e m e n t  
n o is e  c o v a r ia n c e  m a tr ices  w ill  d e f in e  th e  b a n d w id th  o f  th e  K a lm an  f ilte r  in  a  c la s s ic a l  
s e n s e .  H e n c e  an  e s t im a to r  w ith  a r e la tiv e ly  large  p r o c e s s  n o is e  c o v a r ia n c e  w ill  
c o n v e r g e  fa s te r  than  an  e s t im a to r  w ith  a  r e la t iv e ly  lo w  p r o c e s s  n o is e  c o v a r ia n c e .
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F ig u re  [ 2 -4 ]  d e p ic ts  a  b lo c k  d iagram  o f  th e  p la n t u n d er  in v e s t ig a t io n . In  s o m e  
c ir c u m sta n c e s  th e  le v e l  o f  u n certa in ty  fo r  th e  m o d e l  a s s o c ia te d  w ith  th e  m e c h a n ic a l  
m o to r  an d  its  lo a d  m a y  b e m u c h  h ig h er  than  th e  u n ce r ta in ty  a s s o c ia te d  w ith  th e  
cu r re n t a m p lifier . In  su c h  a s itu a tio n  m o d e llin g  th is u n ce r ta in ty  a s  a  p r o c e s s  n o is e  a t  
th e  in p u t  to  th e  cu rren t a m p lifier  w o u ld  b e  an  u n fa ir  r e f le c t io n  o f  th e  tru e  m o d e llin g  
u n ce r ta in ty . T h e  tru e  m o d e l u n cer ta in ty  c a n  b e  b e tter  d e sc r ib e d  b y  in tr o d u c in g  an  
a d d itio n a l p r o c e s s  n o is e  a t th e  in p u t to  th e  m o to r  m o d e l. T h e s e  p r o c e s s  n o is e s  are  
r e f le c te d  in  th e  s ta te  n o is e  c o v a r ia n c e  m atr ix  Q . E st im a te s  fo r  Q  c a n  o f te n  b e  o b ta in e d  
fro m  th e  id e n t if ic a t io n  p ro ced u res .
Fig. [2-4] Injection of process noise.
N o t e  th e  a b o v e  d isc u s s io n  regard in g  th e  c h o ic e  o f  th e  p r o c e s s  n o is e  c o v a r ia n c e  m ay  
n o t  s e e m  v e ry  d e f in it iv e . H o w e v e r  in  a  p r a c tic a l a p p lic a tio n  th e  d e r iv a t io n  o f  a  
p r o c e s s  n o is e  m o d e l  is  o fte n  m o r e  c o m p lic a te d  than th e  d e r iv a t io n  o f  th e  
a p p r o x im a te d  p r o c e s s  m o d e l. In d e ed  th is is  o n e  r ea so n  w h y  th e  m o d e l  is  an  
a p p r o x im a tio n  in  th e  f ir s t  p la c e .
L a te r  in  s e c t io n  3 .3 .3 .1  it  w ill  b e c o m e  ap p aren t th a t c o n c is e  d e f in it io n s  fo r  th e  n o is e  
c o v a r ia n c e  m a tr ices  are  n o t  n e c e s sa r y  fo r  th e  e s t im a to r  d e s ig n . T h e  b a n d w id th  o f  th e  
e s t im a to r , as d e f in e d  b y  th e  ra tio  o f  th e  p r o c e s s  and  m e a su r e m e n t n o is e  c o v a r ia n c e  
m a tr ic e s , is  s e t  b y  th e  L o o p  T ra n sfer  R e c o v e r y  (L T R ) p r o c e d u r e  d u r in g  th e  r o b u st  
c o n tr o lle r  d e s ig n . T h e  n o ise  c o v a r ia n c e  m a tr ices  d e v e lo p e d  in  th is  s e c t io n  w i l l  form  
th e  b a s is  o f  a  n o m in a l e s t im a to r  u s e d  in  th e  L T R  d e s ig n . T h e  n o is e  c o v a r ia n c e  
m a tr ic e s  d e v e lo p e d  in  th is s e c t io n  su it  a  K alm an  filter  a p p lic a t io n  m o r e  th an  an  
e s t im a to r  a p p lic a t io n .
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2.6 Amplitude, Phase and Bias Imbalance Estimation.
T h e  e s t im a to r  d e v e lo p e d  in th e  p r e ce d in g  s e c t io n s  fo r  th e  r e s o lv e r  p r o b le m  a ss u m e  
th e  a v a ila b ility  o f  id e a l r e s o lv e r  o u tp u ts  a s  d e sc r ib e d  b y  e q u a tio n  [ 2 - 3 ] .  In  r ea lity  th e  
r e s o lv e r  s ig n a l is  n o t  id e a l, it  is  o fte n  su b je c t  to  a m p litu d e  im b a la n c e , q u ad ra tu re  
erro r , in d u c tiv e  h a r m o n ic s , r e fe re n c e  p h a se  sh ifts , e x c ita t io n  s ig n a l d is to r t io n  and  
d is tu r b a n c e  s ig n a ls  [H a n se lm a n  9 0 ] .  T h e s e  n o n -id e a ls  are  a  c o n s e q u e n c e  o f  th e  fin ite  
m a n u fa ctu r in g  p r o c e s s  and  m e ch a n ica l c o n str a in ts  o f  th e  r e s o lv e r  u n it. In  a d d itio n  to  
th e s e  in h er en t n o n -id e a ls  th e  p o s t  r e s o lv e r  c ircu itry  c a n  in tr o d u c e  fu r th er  a m p litu d e ,  
b ia s  a n d  p h a se  im b a la n c e s  o n to  the r e so lv e r  s ig n a ls .
In  th is  s e c t io n  th e  a c c u m u la tiv e  e f fe c t  o f  th e se  im b a la n c es  w i l l  b e  e s t im a te d . T h e s e  
n o n -id e a ls  c o n tr ib u te  to  a  s ig n if ic a n t p o r tio n  o f  th e  p o s it io n  d is to r t io n  in  th e  r e s o lv e r  
tr a n sd u c e r . C o n v e n t io n a lly  a m p litu d e  and  b ia s im b a la n c e  are r e m o v e d  fr o m  th e  
r e s o lv e r  s ig n a ls  p r ior  to  r e s o lv e r  to  d ig ita l c o n v e r s io n  (R D C ) . P o s t  r e s o lv e r  p h a se  and  
a m p litu d e  im b a la n c e  are m in im ised  b y  u s in g  m a tc h e d  filters  o n  e a c h  r e s o lv e r  ch a n n el. 
T h is  c a lib r a tio n  s ta g e  o f  th e  in sta lla tio n  is  la b o u r  in te n s iv e  and  h e n c e  e x p e n s iv e . In  
a d d itio n  a h ig h  to le r a n c e  is  req u ired  o n  th e  p o s t  r e s o lv e r  c o n d it io n in g  c o m p o n e n t .  In  
th is s e c t io n  an e s t im a tio n  sc h e m e  w ill  b e  in tr o d u c e d  w h ic h  e s t im a te s  th e se  
im b a la n c e s , h e n c e  r e d u c in g  th e  c o s t  and c o m p le x ity  o f  th e  d e s ig n .
E q u a tio n  [ 2 - 4 3 ]  d e sc r ib e s  th e  r e s o lv e r  s ig n a l d is to r te d  w ith  a m p litu d e , b ia s  a n d  p h a se  
im b a la n c e s . T h is  e q u a tio n  d e sc r ib e s  a  n o n -lin ea r  p ro b lem  w ith  f iv e  u n k n o w n  
p a r a m e te r s  an d  o n e  u n k n o w n  sta te . T h e  fr a m e w o r k  o f  th e  E x te n d e d  K a lm an  is  w e ll  
su ite d  fo r  su c h  jo in t  p a ra m eter  and  s ta te  e s t im a tio n  p r o b le m s [L ju n g  7 9 ] ,  B y  d e fin in g  
a  s ta te  v e c to r  ( [ 2 - 4 4 ] )  w ith  an e le m e n t  fo r  e a c h  o f  th e  u n k n o w n s , a  K alm an  
o b s e r v a t io n  m o d e l  c a n  b e d e fin e d  b y  e q u a tio n s  [ 2 - 4 5 ]  and  [ 2 - 4 6 ] .  T h is  o b se r v a tio n  
m o d e l  is  a  n o n -lin e a r  fu n c tio n  o f  th e  s ta te s , h e n c e  an  E x te n d e d  K a lm a n  filter  
c o n s tr u c t io n  is  req u ired . T h e  ap p rop ria te  J a c o b ia n  m atr ix  fo r  th is o b s e r v a t io n  m o d e l  
is  d e sc r ib e d  b y  e q u a tio n  [2 -4 7 ] ,
V{ =A{ s i n ( 0  +  <)>) +  b, + ^ ”0 
V2 =  A , c o  s(Q) + b2 + g 2'u
x = {A[ A, b{ b2 <J> 0}7
[ 2 - 4 3 ]
[2 -44]
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Zk=hk(xk)+Guk [ 2 - 4 5 ]
4  M4+4)+4
[ 2 -4 6 ]
T h e  m e a su r e m e n t n o is e  c o v a r ia n c e  m atrix  fo r  th is o b s e r v a t io n  m o d e l  c a n  b e  d e r iv e d  
as b e fo r e . T h e  p r o c e s s  n o ise  c o v a r ia n c e  m atrix  sh o u ld  c o n v e y  th e  n e c e s sa r y  
a d a p ta tio n  rate  fo r  e a c h  o f  th e  s ta te s . In  th e  c a s e  o f  th e  a m p litu d e , b ia s a n d  p h a se  
s ta te s , th e  a d a p ta tio n  ra tes sh o u ld  be r e la tiv e ly  s lo w . T h e s e  s ta te s  are n o t  e x p e c t e d  to  
v a r y  d u rin g  o p e r a tio n  b u t th e y  m a y  d r ift o v e r  th e  l ife t im e  o f  th e  p r o d u c t . T h e  in itia l 
erro r  c o v a r ia n c e  m atrix  P0|0 sh o u ld  b e  la rg e  e n o u g h  to  a l lo w  th e  s ta te s  to  c o n v e r g e  to
th e ir  n o m in a l v a lu e s . T h is  m atrix  sh o u ld  r e f le c t  th e  u n ce r ta in ty  a s s o c ia te d  w ith  th e  
in it ia l  s ta te  e s t im a te  * 0 .
T h e  E x te n d e d  K a lm an  e s t im a to r  d e sc r ib e d  a b o v e  w il l  a c c u r a te ly  e s t im a te  p o s it io n  in 
th e  p r e se n c e  o f  a m p litu d e , b ias and  p h a se  im b a la n c es . F o r  th e  p u r p o se  o f  fu lls ta te  
fe e d b a c k  c o n tr o l a ll  th e  s ta te s  o f  th e  p la n t are req u ired , in  th is  p a rticu la r  c a s e  p o s it io n ,  
v e lo c ity ,  cu rren t and  d istu rb a n ce  to rq u e . T h u s th e  e s t im a to r  d e sc r ib e d  a b o v e  m u s t  be  
a u g m e n te d  w ith  th e  m o d e l fo r  the p lan t u n d er  c o n tr o l. A s  w ill  b e  s e e n  in  su b s e q u e n t  
s e c t io n s  th e  p la n t c a n  b e d e sc r ib ed  b y  a fifth  ord er  m o d e l. T h e  r e su lt in g  a u g m e n te d  
s y s te m  w i l l  b e  an  e le v e n th  order m o d e l.
In th e  c o n t e x t  o f  th is research  a  s te a d y  s ta te  so lu t io n  fo r  th is a u g m e n te d  E x te n d e d  
K a lm a n  e s t im a to r  w a s  n o t  d e v e lo p e d . In d e ed  it is  q u ite  lik e ly  th a t su c h  a c lo s e d  form  
s o lu t io n  d o e s  n o t  e x is t  b e c a u se  o f  th e  n o n -lin ea r it ie s  a s s o c ia te d  w ith  th e  c o u p lin g  o f  
th e  p h a se  s ta te  <(). In  th e  a b se n c e  o f  a  s te a d y  s ta te  so lu t io n  th e  e s t im a to r  m u s t  b e  
im p le m e n te d  a s a t im e  vary in g  E x te n d e d  K alm an  e s t im a to r . A  tim e  v a ry in g  E x te n d e d  
K alm an  im p le m e n ta tio n  fo r  an e le v e n th  o rd er  sy s te m  w o u ld  o c c u p y  a  s ig n if ic a n t  
p o r tio n  o f  th e  c o m p u ta t io n a l r e so u r ce s .
T h e  E x te n d e d  K a lm an  filter  is  im p lem e n te d  u s in g  e q u a t io n s  [ 2 - 1 7 ]  to  [ 2 - 2 3 ] .  It is 
n e c e s s a r y  to  in su re  th e  n u m erica l r o b u stn e ss  o f  a  p articu lar  im p le m e n ta t io n  a g a in st  
th e  a c c u m u la t iv e  e f fe c ts  o f  r o u n d o ff  error. In p articu lar  i f  th e  p la n t m o d e l  is  ill-
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c o n d it io n e d  th e  sy s te m  is  e x tr e m e ly  s e n s it iv e  to  r o u n d o ff  error. T h e  a c c u m u la tiv e  
e f fe c t s  o f  th is r o u n d o ff  error  is  p ro n e  to  c a u s in g  th e  error  c o v a r ia n c e  e s t im a te  to  lo s e  
its  p o s it iv e  se m id e fin ite  c o n d it io n , in  th e  e v e n t  o f  w h ic h  th e  e s t im a to r  w i l l  d iv e r g e  
a w a y  fro m  th e  tru e  e s t im a te s , thu s b e c o m in g  u n sta b le . In  su c h  a  s itu a t io n  an  
a lte r n a tiv e  n u m er ica lly  r o b u st im p lem e n ta tio n  o f  th e  R ic c a t i  e q u a t io n  s u c h  a s th e  
J o s e p h  S ta b ilise d  v e r s io n  is  d e sira b le . T h is  h o w e v e r  fu rth er  in c r e a se s  th e  
c o m p u ta t io n a l req u irem en ts o f  th e  e s t im a to r  b u t e n su r e s  c o n v e r g e n c e  e v e n  in  th e  
p r e s e n c e  o f  r o u n d o f f  error. E q u a tio n  [ 2 - 4 8 ]  d e sc r ib e d  th e  a posteriori error  
c o v a r ia n c e  u p d a te  fo r  th e  J o se p h  S ta b ilise d  v e r s io n  o f  R ic c a ti's  e q u a t io n  [L e w is  86 ].
Pq, + [2-48]
O th e r  K a lm an  im p le m e n ta tio n s  su c h  as th e  sq u a re  r o o t  f ilte r  (S R F )  d e v e lo p e d  by  
P o tte r  [B ie r m a n  7 7 ]  o r  B ie r m a n  U D U -fa c to r isa t io n  m o d if ic a t io n  o f  th e  S R F  [B ier m a n  
7 7 ] ,  p r o v id e  th e  sa m e  d e g r e e  o f  n u m erica l s ta b ility  a s  th e  J o se p h  S ta b ilise d  filter . 
E a c h  d e s ig n  in tr o d u c e s  an  a d d itio n a l d e g r e e  o f  c o m p le x ity  a s  w e l l  a s  in c r e a s in g  th e  
c o m p u ta t io n a l req u ire m en ts  o f  th e  im p le m e n ta tio n . F o r  a  c o m p a r is o n  o f  th e  n u m er ica l 
e f f ic ie n c y  and  c o m p u ta tio n a l req u irem en ts o f  th e se  filters  s e e  [B ierm a n  
7 7 ] ,[V e r h a e g e n  86 ] .  T h e  U D U  im p le m e n ta t io n  is  th e  m o s t  e f f ic ie n t  e s t im a to r  d e s ig n .
A s  s ta te d  th e  u n k n o w n  p a ra m eters are t im e  in v a r ia n t  In  th e  c o n te x t  o f  th is w o r k  it  is  
th e ir  in it ia l  s e t  p o in ts  w h ic h  are u n k n o w n . A lth o u g h  th e s e  p a ra m eters c a n  b e  e x p e c te d  
to  v a r y  o v e r  th e  l ife  sp a n  o f  th e  p r o d u ct, th e se  v a r ia tio n s  c a n  b e  a ss u m e d  to  b e  
c o n s ta n t  o v e r  th e  t im efra m e  fo r  c o n tr o l. T h u s  e s t im a tin g  th e s e  p a ra m eters a t th e  
fr e q u e n c y  o f  th e  c o n tr o l lo o p  is  n o n -e s se n tia l. T o  r e d u c e  th e  c o m p u ta t io n a l o v e r h e a d  
o f  th is  im p le m e n ta tio n  to  a  la rg e  d e g r e e , th e  p a ra m eter  e s t im a tio n  an d  th e  s ta te  
e s t im a t io n  fu n c tio n a lity  o f  th is jo in t  e x te n d e d  e s t im a to r  are d e c o u p le d  in to  se p a r a te  
m o d u le s .
T h e  p a r a m e te r  e s t im a tio n  m o d u le  w ill  c o n s is t  o f  th e  e x te n d e d  K a lm an  e s t im a to r  
p r e se n te d  in  th is s e c t io n . T h e  s ta te  e s t im a to r  m o d u le  w ill  c o n s is t  o f  th e  S S E K F  
d e v e lo p e d  in  s e c t io n  2 .4 .  A lth o u g h  th e  p a ra m eter  e s t im a tio n  m o d u le  is  n u m er ica lly  
in te n s iv e  it c a n  b e  im p le m e n te d  at a  fr eq u e n c y  w h ic h  r e f le c ts  th e  ra te  a t w h ic h  th e  
p a r a m e te r s  are  v a r y in g . In d e e d  w ith  su ita b ly  s e le c te d  tra n sitio n  m a tr ic e s  m u ltip le  
s a m p le  r a tes  c a n  b e  c a te r e d  for . T h is  fa c ilita te s  an  in itia l p o w e r -u p  se lf -d ia g n o s t ic  
m o d e  w ith  a r e a s o n a b ly  fa s t  sa m p le  rate an d  a  ru n -tim e  m o d e  w ith  a s lo w  sa m p le  ra te. 
T h is  in e v ita b ly  r e d u c e s  th e  bu rd en  o n  th e  c o m p u ta tio n a l r e so u r c e s .
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T h e  o u tp u t  fro m  th e  p aram eter  e s t im a to r  m o d u le  is  u s e d  to  lin ea r ise  an d  c o r r e c t  
im b a la n c e s  in  th e  m e a su r e m e n t in fo rm a tio n  w h ic h  is  su b s e q u e n t ly  u sed , in  th e  s ta te  
e s t im a to r  m o d u le  an d  c o n tr o l lo o p . F ig u re  [2 - 5 ]  s h o w s  a  fu n c tio n a l b lo c k  d ia g ra m  
d e sc r ip t io n  o f  th is s y s te m . N o te  that th e  p h a se  im b a la n c e  c a n  o n ly  b e  c o r r e c te d  g iv e n  
p r io r  k n o w le d g e  o f  th e  r e s o lv e r  p o s it io n . T h is  in fo r m a tio n  is  n o t  a v a ila b le  a t  th e  
im b a la n c e  c o r r e c t io n  s ta g e . T h e  p h a se  c o r r e c t io n  c a n  ta k e  p la c e  in tern a lly  in  th e  
E x te n d e d  K a lm an  in n o v a tio n  se q u e n c e , b u t th is is  a t  th e  c o s t  o f  th e  s te a d y  s ta te  
s o lu t io n . T h u s p h a se  c o r r e c t io n  is  a v a ila b le  b u t th e  c o s t  is  a  s ig n if ic a n t  in c r e a se  in  th e  
c o m p u ta t io n a l o v e r h e a d .
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Fig. [2-5] Functional block diagram of controller.
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3. The Controller Design.
T h is  c h a p te r  d e a ls  w ith  th e  d e v e lo p m e n t  o f  a  fu ll s ta te  fe e d b a c k  c o n tr o lle r . A  fu ll 
s ta te  fe e d b a c k  c o n tr o lle r  is  u se d  in th is d e s ig n  b e c a u se  it  is  th e  o p tim a l c o n tr o lle r  
s tr u c tu r e , w ith  fu ll c o n tr o l o v e r  th e  lo c a t io n  o f  th e  r o o ts  o f  th e  c lo s e d  lo o p  sy s te m .  
T h e  a ss ig n m e n t  o f  th e  r o o t  lo c a t io n s  is  a t th e  d isc r e t io n  o f  th e  d e s ig n e r . O fte n , in  th e  
d e s ig n  o f  a  c o n tr o l s y s te m , stan d ard  fo r m s are  u s e d  to  a s s ig n  th e  r o o t  lo c a t io n s , su c h  
fo r m s c o m p r is e  o f  s e ts  o f  n o r m a lised  p o ly n o m ia ls  su c h  a s th e  I T A E  [G rah am  5 3 ]  and  
B u tte r w o r th  p o ly n o m ia ls . T h e  resu ltin g  c o n tr o lle r  i s  a  d e te r m in is t ic  c o n tr o lle r , an  
e x a m p le  o f  an  I T A E  c o n tr o lle r  c a n  be fo u n d  in  [K e tt le  9 3 ] .  T h e  r o o ts  o f  th e  
p o ly n o m ia ls  are u s e d  in  c o n ju n c tio n  w ith  A c k e rm a n n 's  fo r m u la  to  arrive  a t th e  d e s ir e d  
fu l l  s ta te  fe e d b a c k  g a in  K  [F ran k lin  8 0 ].
In  th is c h a p te r  a  r o b u s t  o p tim a l L in ear  Q u ad ra tic  G a u ss ia n  c o n tr o lle r  (L Q G ) is 
d e v e lo p e d  b a se d  o n  th e  K a lm an  e s t im a to r  d e v e lo p e d  in  th e  p r e v io u s  c h a p te r  a n d  o n  a  
L in e a r  Q u a d ra tic  c o n tr o lle r  (L Q ) p re se n ted  in  s e c t io n  3 .1 .  T h e  r o o t  lo c a t io n s  o f  th e  
L Q G  d e s ig n  are  s e le c te d  o p tim a lly  b a sed  o n  s ta te  w e ig h t in g  and  s to c h a s t ic  p r o c e s s  
in fo r m a tio n . T h e  c o u r s e  o f  th is c h a p ter  e x a m in e s  th e  r o b u s tn e s s , n o is e  a tte n u a tio n  
an d  d istu rb a n c e  su p p r e ss io n  p ro p er tie s  o f  th e  L Q G  d e s ig n , m o d if ic a t io n s  to  th e  
d e s ig n  are d e v e lo p e d  to  o v e r c o m e  sh o rt fa lls  in  th e  d e s ig n  w ith  reg a rd  to  th e se  
p r o p e r tie s .
3.1 The Linear Quadratic Controller (LQ)
A  d e te r m in is t ic  c r iter io n  fo r  arriv in g  a t th e  d e s ir e d  o p tim a l fe e d b a c k  g a in , b a s e d  o n  a  
lin ea r  q u a d ra tic  (L Q ) c o s t  fu n c t io n  is  d e v e lo p e d  in  th is s e c t io n . E q u a tio n  [3 -1 ]  
d e sc r ib e s  th is c o s t  fu n c tio n . T h e  th eory  and  u se  o f  th e  c r iter io n  t ie s  in  w ith  th e  
K a lm a n  e s t im a to r  th e o r y . T h e  fin a l sy s te m  w il l  c o m p r is e  o f  an  in te g r a tio n  o f  th e  tw o  
te c h n iq u e s  to  fo r m  a r o b u s t  o p tim a l c o n tr o lle r  stru ctu re  (L Q G ).
T h e  L Q  c o n tr o l c r iter io n  is  b a sed  o n  th e  m in im isa tio n  o f  th e  p e r fo r m a n c e  c r iter io n  
g iv e n  b y  e q u a tio n  [ 3 - 1 ] ,  w h e r e  Qx is  a  p o s it iv e  se m id e fin ite  sy m m e tr ic  w e ig h t  m atrix
N
[ 3 - 1 ]
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an d  Q2 is  a  p o s it iv e  d e fin ite  w e ig h t  m atrix  w h ic h  are  s e le c te d  b y  th e  d e s ig n e r  to  
d e sc r ib e  th e  r e la tiv e  im p o r ta n c e  o f  p lan t s ta te s  and  th e  c o s t  o f  th e  r e su ltin g  c o n tr o l.  
T h e  L Q  c o n tr o l p r o b le m  c a n  be s ta te d  as th e  m in im isa tio n  o f  th e  c o s t  fu n c tio n  
c o n str a in e d  b y  th e  d y n a m ic s  o f  th e  p la n t [3 -2 ] ,
-xk+x+Oxk+Tuk =0  [ 3 -2 ]
T h is  p r o b le m  is  a  stan d ard  c o n str a in e d -m in im isa tio n  p r o b le m  and  c a n  b e  s o lv e d  by  
u s in g  th e  m e th o d  o f  L a g r a n g e  m u ltip liers. T h e  so lu t io n  in v o lv e s  re fo r m u la tin g  th e  
p r o b le m  in  term s o f  th e  L a g r a n g e  m u ltip lier  A*+1. T h e  n e w  c o s t  fu n c t io n  is  d e sc r ib e d  
b y  e q u a t io n  [ 3 - 3 ] .  T h e n  m in im is in g  J w ith  r e s p e c t  to  uk,xk and  Xk p r o d u c e s  th ree  
e q u a t io n s  [ 3 - 4 ] ,  [ 3 - 5 ]  and [ 3 - 6 ] .  T h e s e  e q u a t io n s  d e s c r ib e  a tw o  p o in t  b o u n d a ry  v a lu e  
p r o b le m  th e  s o lu t io n  o f  w h ic h  c a n  b e  fo u n d  in  [B r y so n  7 5 ]  a n d  [F ra n k lin  8 0 ] .
N




dJ ~ -x M +^xk+ruk = 0  [3 -5 ]
j?r  = xTQl -XTl + fM<b = » [ 3 - 6 ]
dxk
T h e  so lu t io n  o f  th e  b o u n d a ry  v a lu e  p rob lem  y ie ld s  th e  d isc r e te  Riccati equation [ 3 -7 ]  
and  [ 3 - 8 ] ,  th is is  a n o n -lin ea r  e q u a tio n , th e  c lo s e d  fo rm  so lu t io n  o f  w h ic h  is  n o t  
rea d ily  o b ta in a b le . T h e  o p tim a l fe e d b a c k  g a in  K  g iv e n  b y  e q u a t io n  [3 -9 ]  is  d e r iv e d  
fro m  e q u a tio n  [ 3 - 4 ] ,  [ 3 - 7 ]  an d  the s o lu t io n  fo r
[ 3 - 7 ]
« «  =  SM -  S,„r[e2 +  rx,r]"  r r i u i  [ 3 - 8 ]
=  [ a + r r i , „ r  ]"' r r i , „ 4 )  [ 3 - 9 ]
H e r e  Sk is  a  p o s it iv e  d e f in ite  m atrix  o f  th e  p e r fo rm a n c e  in d e x  u n d e r  o p tim a l c o n tr o l,  
Mk+i is  an  in te r m e d ia te  term  in  the c a lc u la t io n  o f  th e  p e r fo r m a n c e  in d e x  and  Kk is  the  
w e ig h t in g  o f  s ta te s  u n d e r  o p tim a l c o n tr o l [K a lm a n  6 0 ] ,
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T h e  r ec u r s iv e  R ic c a t i  e q u a tio n  m u st b e  s o lv e d  b a c k w a r d s  b e c a u s e  s o m e  o f  th e  
b o u n d a ry  c o n d it io n s  to  th e  b ou n d ary  v a lu e  p ro b lem  are  g iv e n  a t  th e  e n d p o in ts . T h e  
re su lt  o f  th is is  a  s e t  o f  o p tim a l fe e d b a c k  g a in s  Kk fo r  &=1 to  N w h e r e  N is  th e  le n g th  
o f  th e  iter a tio n . F o r  th e  in fin ite  t im e  lin ear  p r o b le m , w h ic h  is  th e  m o s t  lik e ly  s c e n a r io  
fo r  a  s e r v o  s y s te m , th e  s e t  o f  g a in s  K  w ill  c o n v e r g e  to  a  s te a d y  s ta te  g a in , a n d  f o r  th e  
in fin ite  t im e  p ro b lem  th e  s te a d y  s ta te  s o lu t io n  is  th e  o p tim u m  fe e d b a c k  s o lu t io n . T h is  
ite r a t iv e  p r o c e s s  is  h o w e v e r  n u m er ica lly  in te n s iv e  an d  a s a  r e su lt  c a n  b e  in a c c u r a te , 
c o n s e q u e n t ly  a  n o n r e c u r s iv e  s o lu t io n  to  R ic c a t i’s  e q u a t io n  i s  o f t e n  p re ferred  [V a u g h a n  
7 0 ] ,  T h is  n o n re c u r s iv e  so lu t io n  in v o lv e s  rew r itin g  th e  d if fe r e n c e  e q u a t io n s  [ 3 - 4 ] ,  [ 3 -  
6 ] in  term s o f  x and  X, th e  r e su lt in g  s e t  o f  e q u a tio n s  are  th en  c o m b in e d  to  fo r m  w h a t  
is  k n o w n  as a H a m ilto n ia n  e q u a tio n  [3 -1 0 ] .
X +tq ? t t<s>-tq x -n22-‘rr<rr' X
A ¿+i -<rr<2, <rr A
[ 3 - 1 0 ]
I t  = o + t q ? t t <s>~t qx -rg2-lrr<&-
< r
[ 3 - 1 1 ]
T h e  H a m ilto n ia n  m atrix  [3 - 1 1 ]  is  a  sq u a re  m a tr ix  o f  d im e n s io n  2n, w h e r e  n i s  th e  
o r d e r  o f  th e  p lan t. T h e  n s ta b le  e ig e n v a lu e s  o f  th e  H a m ilto n ia n  m a tr ix  are  th e  
e ig e n v a lu e s  o f  th e  o p tim a l c o n s ta n t  g a in  c lo s e d  lo o p  sy s te m  [V a u g h a n  7 0 ] .  T h e  
in fin ite  tim e  p ro b lem  p e r fo rm a n c e  in d ex  S„, c a n  b e  e v a lu a te d  u s in g  [ 3 - 1 2 ] ,  w h e r e  
X, an d  A ,  are th e  s ta b le  e ig e n v e c to r s  and  e ig e n v a lu e s  o f  th e  H a m ilto n ia n  m a tr ix . T h e  
o p tim a l fe e d b a c k  g a in  fo r  th e  in fin ite  tim e  p r o b le m  is  g iv e n  b y  e q u a t io n  [ 3 - 9 ]  w h e r e  
Sku is  r ep la c ed  b y  S„, an d  Kk is  r ep la ced  b y  K„.
S„=A,XJl [ 3 - 1 2 ]
T h is  n o n r e c u r s iv e  s o lu t io n  is  th e  p referred  so lu t io n  o f  R ic ca ti's  e q u a t io n  an d  is  th e  
te c h n iq u e  u se d  in  m a n y  s im u la tio n  p a c k a g e s  e .g .  M a tla b ®  C o n tr o l t o o lb o x  "dlqr.m"  
[L itt le  9 2 ] ,
3.1.1 Heuristic Tuning
U s in g  th e  r e su lts  o f  th e  p r e v io u s  s e c t io n , th e  s o lu t io n  o f  th e  l in e a r  q u a d r a tic  c o n tr o lle r  
p r o b le m  h as r e d u c e d  to  th e  c h o ic e  o f  th e  p e r fo rm a n c e  w e ig h ts  Q{ a n d  Qv  th is  o f te n  
req u ires  s o m e  tr ia l a n d  error w ith  the a id  o f  c o m p u te r  s im u la t io n .
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A  g u id e lin e  fo r  an  'accep tab le' c h o ic e  o f  th e  p e r fo rm a n c e  w e ig h ts  is  to  c h o o s e  Q{ and  
Q2 a s  d ia g o n a l m a tr ic es , w ith  d ia g o n a l e le m e n ts  g iv e n  b y  [ 3 - 1 3 ] ,  [ 3 - 1 4 ] ,  w h e r e  p  in  
e q u a t io n  [ 3 - 1 3 ]  is  s e le c te d  b y  trial and  error  [B r y so n  7 5  C h . 5 ] .  T h is  m e th o d  is  
k n o w n  as B r y so n 's  in v e r se  sq u a re  m e th o d . N o t e  th a t p  is  p r o p o r tio n a l to  th e
b a n d w id th  o f  th e  re su lt in g  c o n tr o lle r  and in tu it iv e ly  is  p r o p o r tio n a l to  th e  c o s t  o f  
c o n tr o l. T h e  p h ilo so p h y  b eh in d  th is cr iter io n  is  th a t a  f ix e d  p e r c e n ta g e  c h a n g e  in  e a c h  
o f  th e  s ta te s  m a k e s  an  e q u a l co n tr ib u tio n  to  th e  o v e r a ll  c o s t .  A lte r n a tiv e  a p p r o a c h e s  
b a s e d  o n  n o m in a l v a lu e s  in ste a d  o f  m a x im u m  v a lu e s , o r  m a x im u m  d e v ia t io n s  in ste a d  
o f  m a x im u m  v a lu e s  are s u g g e s te d  b y  [K w a k e m a a k  7 2 ]  and  [F ran k lin  8 0 ] r e s p e c t iv e ly .  
F u rth er  a p p ro a c h e s  c a n  b e  fo u n d  in  [G r im b le  88a].
A  h e u r is t ic  a lg o r ith m  fo r  tu n in g  th e  L Q  c o n tr o lle r  is  o f  th e  form :
•  D e te r m in e  the m a x im a l a llo w a b le  d e v ia t io n s ,  
m a x  i , . ,  i =  l , . . . , n  ;m a x  w;, z' =  l , . . . , m
•  A s s ig n  c o s t - in d e x  w e ig h t  m a tr ic e s  [ 3 -1 3 ]  &  [ 3 -1 4 ]
a  =
a  =
quj= 0 , i* j
q.. = P /  , f o r i , ;  =  l . . / t  [ 3 - 1 3 ]
/ ( m a x * , . )
quj = 0 , / * ;
q..= V  , f o r  i,j  =  l . . m  [ 3 -1 4 ]
U /  (m a x  W;)
S o lv e  fo r  the o p tim a l fe e d b a c k  g a in  u s in g  th e  L Q  c o s t  fu n c t io n  
e q u a tio n  [ 3 -1 ] ,  u s in g  [ 3 - 1 1 ] ,  [ 3 - 1 2 ]  an d  [ 3 -9 ] .
A lte r  p  u n til a sa t is fa c to r y  r e s p o n s e  is  fo u n d .
T h e  c h o ic e  o f  a  p articu lar  a p p ro a ch  w ill  d e p e n d  o n  th e  a p p lic a t io n . In th is w o r k  a  
v a r ia tio n  o n  m a x im u m  v a lu e  a p p ro a ch  is  u s e d , th e se  v a lu e s  are r ea d ily  a v a ila b le  from  
p la n t an d  a c tu a to r  m o d e ls  and are u sed  as n o m in a l m a x im u m  v a lu e s  fo r  th e  c o n tr o lle r  
d e s ig n . T h e  m a x im u m  v a lu e s  are ad ju sted  d e p e n d in g  o n  th e  r e q u ir e m e n t o f  th e  
a p p lic a t io n . F o r  e x a m p le  in  a  se r v o  a p p lic a tio n  th e  re la tiv e  w e ig h t in g  o f  th e  cu rren t  
and  p o s it io n  s ta te s  c o u ld  be re la x ed , th e  c o n tr o l o f  th e  m o to r 's  p o s it io n  is  m o r e  
im p o r ta n t than th e  a m o u n t o f  cu rren t u se d  to  c o n tr o l th is p o s it io n . R e la x in g  th e  
c u r re n t w e ig h t in g  r e d u c e s  th e  c o s t  o f  cu rren t d u rin g  c o n tr o l. T h e r e  is  h o w e v e r  a lim it
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o n  th e  e x te n t  to  w h ic h  cu rren t w e ig h tin g  c a n  be r e la x e d . T h is  lim it  is  c o u p le d  to  
m a x im u m  cu rren t a v a ila b le  fro m  th e  am p lifier . N o t e  th a t th e se  cr iter ia  are  g u id e lin e s  
r eg a r d in g  th e  c o r r e c t  c h o ic e  o f  Qx and  Q2, h e n c e  the h e u r is t ic  n a tu re  o f  th is  s e c t io n .
3.1.2 The Estimator and Controller Duality.
A s  m e n t io n e d  in  th e  o u ts e t  o f  th is c h a p ter , th ere  is  an  a ttra c tiv e  c o h e s io n  b e tw e e n  th e  
L Q  c o n tr o lle r  d e s ig n  and  th e  s te a d y  s ta te  K alm an  E st im a to r  (K E ). T h is  c o h e s io n  is 
c a lle d  th e  duality principle, w h ic h  w a s  fir s t o b s e r v e d  b y  R .E . K a lm an  in  [K a lm a n  6 0 ] .  
B o th  th e  L Q  c o n tr o lle r  and  th e  K E  u se  R icca ti's  e q u a tio n  in  th e ir  c o n s tr u c t io n . In th e  
L Q  c o n tr o lle r  R icca ti's  e q u a tio n  [ 3 - 7 ] ,  [3 -8 ]  is  a  b a c k w a rd  d if fe r e n c e  e q u a t io n , in  th e  
K E  it  is  a  fo r w a rd  d iffe r e n c e  e q u a tio n , th e se  d iffe r e n c e s  e m a n a te  fro m  th e  d iffe re n t  
b o u n d a ry  c o n d it io n s  u se d  in  th e ir  r e sp e c t iv e  c o n s tr u c t io n s . B y  a p p ro p r ia te ly  c h a n g in g  
th e  v a r ia b le s  ( s e e  T a b le  [ 3 - 1 ] )  th e  e s t im a to r  R icca ti's  e q u a t io n  c a n  b e  m a p p e d  to  th e  
L Q  c o n tr o lle r  R icca ti's  e q u a tio n . T h u s th e  H a m ilto n ia n  so lu t io n  fo r  th e  c o n tr o lle r  
p r o b le m  c a n  be a p p lie d  to  th e  e s t im a to r  p r o b lem . In d e e d  a H a m ilto n ia n  m a tr ix  c a n  be  
c o n s tr u c te d  fo r  th e  e s t im a to r  p ro b lem  u s in g  T a b le  [ 3 - 1 ] .  T h is  m atr ix  is  g iv e n  in 
e q u a t io n  [ 3 - 1 5 ] .  T h e  u s e  o f  e q u a tio n  [3 -1 5 ]  is  o f te n  th e  p referred  so lu t io n  o f  R icca ti's  
e q u a tio n  in  th e  e s t im a to r  p r o b le m , s e e  M a tla b ®  C o n tr o l t o o lb o x  "d lq e.m " [L itt le  9 2 ] .
27
I Controller Description Estimator Description
*k
(O b se r v a b le )  S ta te  
v a r ia b le  o f  p la n t to  be  
reg u la te d .
Xk (U n o b s e r v a b le )  
S ta te  v a r ia b le  o f  
r a n d o m  p r o c e s s .
w* C o n tro l v a r ia b le s . y k O b se r v e d  ra n d o m  
va r ia b les .
3> T r a n sitio n  m atrix . 0 >r T r a n sit io n  m a tr ix
M k M a tr ix  o f  q u ad ratic  
p e r fo rm a n c e  u n der  
o p tim a l reg u la tio n .
Pk C o v a r ia n c e  o f  
o p t im ise d  e s t im a te d  
error.
s k Pk
A  p rior  c o v a r ia n c e  
m atrix .
r C o u p lin g  o f  c o n tr o l  
s ta te s .
h t C o u p lin g  o f  
m e a su r e d  s ta te s .
a M a tr ix  o f  q u ad ratic  fo rm  
d e f in in g  p erfo rm a n ce  
cr iter io n .
y r j t C o v a r ia n c e  o f  
ran d om  e x c ita t io n .
Q 2 M a tr ix  o f  q u ad ratic  fo rm  ft 
d e f in in g  p erfo rm a n ce  
cr iter io n .
T a b le  [3 -1 ]  E s t im a t o r  c o n t r o l l e r  d u a l it y .
C o v a r ia n c e  o f
ran d om
m e a su r e m e n ts .
- O - i T i r 7' O)-1
[ 3 -1 5 ]
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3.2 Properties of the LQ Controller
3.2.1 Gain and Phase Margins
O n e  o f  th e  m o s t  a ttra c tiv e  fe a tu re s  o f  th e  L Q  c o n tr o lle r  is  its  r o b u s tn e s s  p r o p e r t ie s . It 
h a s lo n g  s in c e  b e e n  e s ta b lish e d  [S a fo n o v  7 7 ]  th at th e  L Q  c o n tr o lle r  has an  in fin ite  
g a in  m a rg in  (G M ), a  5 0 % -g a in  r ed u c tio n  to le r a n c e  in  e a c h  fe e d b a c k  lo o p  an d  a  6 0 °  
p h a se  m a rg in  (P M ). K a lm a n  in  [K a lm an  6 4 ]  s h o w e d  fo r  a  c o n t in u o u s  t im e  d e sc r ip t io n  
o f  th e  sy s te m , th a t th e  c o n d it io n  fo r  o p tim a lity  (n a m e ly  th a t th e  return  d iffe r e n c e  
m a trix  sa t is f ie s  [ 3 - 1 6 ] )  in scr ib ed  a  c ir c le  o f  e x c lu s io n  in  th e  N y q u is t  p la n e  a b o u t  th e  - 
1 + /0  p o in t, o f  rad iu s 1 s e e  F ig u re  [3 -1 ] .  S a fo n o v  an d  A th a n s [S a fo n o v  7 7 ]  s h o w e d  
th a t th e  e x c lu s io n  o f  th e  N y q u is t  c o n to u r  fro m  th is r e g io n  g u a r a n te e s  th e  in fin ite  ga in  
and  6 0 °  p h a se  m a rg in s. T h e  5 0 % -g a in  r ed u c tio n  to le r a n c e  in  e a c h  o f  th e  fe e d b a c k  
lo o p s  w a s  h ig h lig h te d  in  a  p a p er  b y  R o s e n b r o c k  [R o s e n b r o c k  7 1 ] .  T h is  p a p er  s h o w e d  
b y  e x a m p le , that w ith  a g rea ter  than 50%  r ed u c tio n  in  fe e d b a c k  g a in s , th e  c lo s e d  lo o p  
s y s te m  c o u ld  b e c o m e  u n sta b le . T h e  d o w n s id e  g a in  m a rg in  is  a  m e a su r e  o f  h o w  far  th e  
p o in t  o f  e n c ir c le m e n t m u s t  be  m o v e d  in  o rd er  th a t th e  n u m b er  o f  e n c ir c le m e n ts  a b o u t  
th is p o in t  fa il to  e q u a l th e  n u m b er  o f  p o le s  in  th e  r ig h t h a lf  p la n e . T h is  m e a n s  th a t  
fa ilu re  o f  o n e  o f  th e  fe e d b a c k  se n so r s  c o u ld  a f fe c t  sy s te m  sta b ility . It m u s t  h o w e v e r  
b e  s tr e s s e d , th a t th e s e  m arg in s are g u a ra n teed  m in im u m  r o b u s tn e ss  m a rg in s . In  a 
g iv e n  im p le m e n ta tio n  th e  re su lt in g  m arg in s c o u ld  in d e e d  b e  b e tter . H o w e v e r  an  
e s s e n t ia l  r eq u ire m en t o f  m o s t  in d u stria l c o n tr o l s y s te m s  is  th a t a  c h a n g e  in  th e  lo o p  
g a in s  b e tw e e n  z e r o  and  th e ir  d e s ig n e d  v a lu e s  sh o u ld  le a v e  th e  sy s te m  w ith  an  
a d e q u a te  s ta b ility  m a rg in 4. T h e  L Q  c o n tr o lle r  d o e sn 't  in h er en tly  sa t is fy  th is co n str a in t. 
T h u s  s im u la tio n  o f  th e  se n s o r  fe e d b a c k  fa ilu re  sh o u ld  b e  ca rr ied  o u t  fo r  e a c h  d e s ig n .  
T h is  sh o r tfa ll  o f  th e  L Q  c o n tr o lle r  is  o n ly  o f  s ig n if ic a n t  im p o r ta n c e  in  M IM O  sy s te m s .  
In th is  p a r ticu la r  w o r k , the e m p h a s is  is  o n  red u c ed  s e n s o r  fe e d b a c k  u s in g  an e s t im a to r  
fo r  s ta te  r e c o n s tr u c t io n , h e n c e  th e  n u m b er  o f  p h y s ica l s e n s o r s  is  v e ry  sm a ll th u s th e  
n u m b er  o f  fa ilu re  c o m b in a tio n s  is  sm a ll. M o r e o v e r  in  th e  s e r v o  in d u stry , i f  th e  
ta c h o g e n e r a to r  fe e d b a c k  lo o p  fa ils , th e  o v e r s p e e d  p r o te c t io n  fo r  th e  s e r v o  w o u ld  
s im p ly  trip . O th er  c o n tr o l a p p lic a tio n s  c o u ld  b e  le s s  fo r g iv in g .
| $ ( i f i > ) | = | l + f c l > ( s ) g | > l  [ 3 -1 6 ]
4 The loop gain could change as a result of feedback sensor failure, or some other unpredicted event.
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Worst case Nyquist contour
Real
E x c lu sio n  R e g io n
Fig [3-1] Nyquist contour
3.2.1.1 Gain and Phase Margins for Discrete Time Systems
T h e  a ttra c tiv e  g a in  and  p h a se  m arg in s ju s t  d e sc r ib e d  are v a lid  f o r  a  c o n t in u o u s  tim e  
s y s te m . T h e r e  is  an  e q u iv a le n t  b u t le s s  a ttra c tiv e  d isc r e te  t im e  in te rp re ta tio n  o f  th e  
retu rn  d if fe r e n c e  in eq u a lity . T h e s e  d isc r e te  t im e  r o b u s tn e ss  m a rg in s g iv e  fu rth er  
in s ig h t  in to  th e  tr a d e -o ff  b e tw e e n  ro b u stn e ss  and  sa m p le  fr e q u e n c y  s e le c t io n . W ille m s  
[W ille m s  7 8 ]  d e r iv e d  th e  so lu t io n  to  the in v e rse  p ro b lem  an d  s h o w e d  th a t th e  
m in im u m  g a in , d o w n s id e  g a in  and  p h a se  m arg in s c a n  b e  d e sc r ib e d  b y  e q u a t io n s  [3- 
17], [3-18] and  [3-19], w h e r e  th e  p a ra m eter  (3 is  d e f in e d  b y  [3-20] an d  w h e r e  p0 and  
r0 in  [3-20] are th e  c o e f f ic ie n ts  o f  z° in th e  o p e n  lo o p  and  c lo s e d  lo o p  sy s te m  
r e s p e c t iv e ly .
G a in  m arg in  =  { l - ^ }
D o w n  s id e  g a in  m arg in  =  { l  +  y ^ }






O n e  d r a w b a c k  w ith  th e  e v a lu a tio n  o f  th e se  r o b u stn e ss  b o u n d s is  th a t th e  p a r a m e te r  (3 
is  n o t  d ir e c t ly  a c c e s s ib le  from  th e  c o n tr o lle r  d e s ig n  p r o c e d u r e s . A n d e r so n  [A n d e r so n  
8 9 ]  e x te n d e d  th e se  resu lts  in to  a  g e n e r a lly , m o re  r ea d ily  a c c e s s ib le  p a ra m eter  7 , w h e r e  
y is  d e f in e d  b y  e q u a tio n  [3-21], U . S h a k e d  in [S h a k e d  86 ] d e r iv e d  a s im ila r  s e t  o f  
r esu lts  u s in g  a s in g u la r  v a lu e  c o n s tr a in t
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v = ( r r 5 . r + i ) i = i [3-21]
A  g r a p h ic a l in terp re ta tio n  o f  th e se  resu lts  c a n  b e  o b ta in e d  b y  lo o k in g  a t  th e  d isc r e te  
t im e  N y q u is t  p lo t  d e f in e d  b y  e q u a tio n  [ 3 - 2 2 ] .  T h is  d e sc r ib e d  a  c ir c le  o f  e x c lu s io n , o f  
rad iu s 7  d e p ic te d  in  F ig u re  [ 3 -2 ] ,
l - K T(ejaI-(t>ylr
w h e r e  7 '1 >  1
> 7
[ 3 - 2 2 ]
Fig [3-2] Nyquist contour for a discrete system
T h e  d e s ig n  tr a d e -o f f  th a t c a n  b e  m a d e  b e tw e e n  sa m p le  fr e q u e n c y  and  r o b u s tn e s s  c a n  
b e  se e n  u s in g  a s im p le  d e s ig n  e x a m p le . C o n s id e r  th e  sc a la r  e x a m p le  o f  a  p la n t an d  fu ll 
s ta te  fe e d b a c k  c o n tr o lle r  [3-23], th e  d isc r e te  tim e  d e sc r ip t io n  is  g iv e n  b y  [3-24],
C h o o s e  fo r  th is e x a m p le  a =  - 0 . 5 ,  b =  1 0 0  and k e q u a l to  th e  so lu t io n  o f  th e  L Q
p r o b le m  fo r  a  Qx =  p , Q7 =  1.
x =  ax+bu ,u =  -kx [3-23]
** +i =  «'aTxk +  bTuk , uk =  -kxk [3-24]
F ig u re  [3-3] s h o w s  a  p lo t  o f  th e  p h a se  m argin  as a  fu n c tio n  o f  s a m p le  fr e q u e n c y  and  
th e  L Q  tu n in g  p a r a m e te r  p . F rom  th e  f ig u r e  it  c a n  b e  s e e n  th a t, a s  th e  sa m p le  
fr e q u e n c y  is  in c r e a se d , th e  m in im u m  p h a se  m arg in  w il l  c o n v e r g e  to w a r d s  6 0 ° .  T h is  
m a k e s  in tu it iv e  s e n s e  b e c a u se  as th e  sa m p le  fr e q u e n c y  is  in c r e a se d  th e  s y s te m  w ill  
c o n v e r g e  to w a r d s  a b e tter  a p p ro x im a tio n  o f  th e  c o n t in u o u s  t im e  s y s te m . A s  th e
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b a n d w id th  o f  th e  c o n tr o lle r  is  in c re a se d  w ith  in c re a s in g  p th e  ra te  a t  w h ic h  th e  
m in im u m  ga in  m arg in  c o n v e r g e d  to w a r d s  th e  6 0 °  m arg in  d e c r e a se d . T h u s , in  o r d e r  to  
m a in ta in  th e  sa m e  m in im u m  p h a se  m arg in  th e  sa m p le  fr e q u e n c y  m u s t  b e  in c r e a se d . A  
c o n to u r  d ra w n  a c r o s s  th e  su r fa c e  fro m  p o in t  A  to  p o in t  B , w o u ld  r e p r e se n t  a  g o o d  
d e s ig n  tr a d e -o ff , th is w o u ld  c o r r e sp o n d  to  a  m in im u m  p h a se  m a rg in  o f  a p p r o x im a te ly  
5 5 ° .  T h e  6 0 °  m in im u m  p h a se  m arg in  c a n  o n ly  b e  r e a lis e d  th r o u g h  an  e x c e s s iv e  
in c r e a se  in  sa m p le  fr e q u e n c y  or an e q u iv a le n t  r ed u c tio n  in  c o n tr o lle r  b a n d w id th .
Fig. [3-3] Minimum Phase margin.
F ig u r e  [3-4] s h o w s  a p lo t  o f  g a in  m arg in  as a  fu n c tio n  o f  sa m p le  fr e q u e n c y  an d  th e  
L Q  tu n in g  p a ra m eter  p . F ro m  th e  f ig u r e  it  is  e v id e n t  th a t a  lo w  b a n d w id th  an d  a  h igh  
sa m p le  fr e q u e n c y  w o u ld  p r o v id e  a g o o d  m in im u m  g a in  m arg in . T h is  w o u ld  h o w e v e r  
b e  d e tr im e n ta l to  th e  m in im u m  d o w n s id e  g a in  m arg in s d e p ic te d  in  F ig u re  [3-5]. In  
c o n c lu s io n  th e  c o n to u r  fro m  p o in t  A  to  p o in t B  in  F ig u re  [3-3] w o u ld  r e p r e se n t  an  
o v e r a ll  c o m p r o m is e  b e tw e e n  th e  ro b u stn e ss  b o u n d s. S u c h  a tr a d e -o ff  w i l l  fo rm  p art o f  
th e  h e u r istic  tu n in g  p r o c e d u r e s . N o te  th a t th e  in fin ite  g a in  m a rg in  c a n  n e v e r  b e  
r e a c h e d , b e c a u s e  o f  th e  n atu re  o f  th e  d isc r e te  d e s ig n .
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Fig. [3.51 Minimum Down Side Gain margin.
l_Q parameter
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3.2.2 Sensitivity and the Role of the Return Difference.
In  th is  s e c t io n  tw o  im p o rta n t tran sfer  fu n c t io n s  w il l  b e  d e v e lo p e d  w h ic h  w il l  h e lp  in  
th e  e x a m in a tio n  o f  th e  c lo s e d  lo o p  sy s te m  fo r  se n s it iv ity  to  n o is e ,  d is tu r b a n c e  and  
p a r a m e te r  v a r ia tio n .
C o n s id e r  th e  s ta b le  c lo s e d  lo o p  sy s te m  d e p ic te d  b y  F ig u re  [ 3 - 6 ] ,  e q u a t io n s  [ 3 - 2 5 ] ,  [3 -  
2 6 ]  &  [ 3 - 2 7 ]  c a n  b e  e a s ily  e s ta b lish e d . F ro m  th is th e  s e n s it iv ity  an d  c o m p le m e n ta r y  
s e n s it iv ity  fu n c t io n s  c a n  b e d e f in e d  [ 3 - 2 8 ] ,  [ 3 -2 9 ] .
Fig. [ 3 - 6 ]  Closed loop system.
y  =  PC(I +  PC)-\r  -  n) + (I+ PCj~ld  [ 3 - 2 5 ]
e = r - y - n  = (I + PC)'1 ( r - d ) - { I  + PC)'1 n [ 3 -2 6 ]
u=C(I + PC)-1{ r - n - d ) [ 3 -2 7 ]
S=(I+PC)-1 [ 3 -2 8 ]
T=PC{I + PC)~l [ 3 -2 9 ]
C o n s id e r  e q u a t io n  [ 3 - 2 6 ] ,  fo r  g o o d  track in g  p e r fo rm a n c e  th e  tr a ck in g  erro r  ||r  -  j |  
s h o u ld  b e  s m a ll  w h e n  d an d  n are zero . T h is  im p lie s  th a t th e  s e n s it iv i ty  fu n c t io n  [ 3 - 2 8 ]  
sh o u ld  b e  'sm all'. F o r  g o o d  d istu rb a n ce  su p p r e ss io n , th a t is  th e  e f f e c t  o f  th e  
d is tu r b a n c e  d o n  th e  o u tp u t  o f  th e  sy s te m , y in  e q u a tio n  [ 3 - 2 5 ]  sh o u ld  b e  sm a ll. T h is  
a g a in  im p lie s  that th e  s e n s it iv ity  fu n c tio n  [ 3 -2 8 ]  sh o u ld  b e  'sm all'.
F o r  g o o d  n o is e  su p p r e s s io n , th a t is  th e  e f fe c t  o f  th e  n o is e  n o n  th e  o u tp u t  o f  th e  
s y s te m , y  in  e q u a tio n  [ 3 - 2 5 ] ,  sh o u ld  b e 'sm all'. T h is  im p lie s  th a t th e  c o m p le m e n ta r y  
s e n s it iv ity  fu n c tio n  [ 3 - 2 9 ]  sh o u ld  be 'sm all'. T h e  in terp re ta tio n  o f  th e  w o r d  'sm all' 
r e fe rs  to  th e  s iz e  o f  a m atrix  o r  its s in g u la r  v a lu e  d e n o te d  b y  a .  In  th e  c a s e  o f  a  S I S O
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s y s te m  [ 3 - 2 8 ]  and  [ 3 -2 9 ]  are b o th  sc a la r  v a lu e s  and  h e n c e  th e  u s e  o f  s in g u la r  v a lu e s  
c a n  b e  r e p la c e d  b y  a b so lu te  v a lu e s .
T h e  a b o v e  p e r fo rm a n c e  c o n s id e r a tio n s  c a n  b e  su m m a r ise d  b y  e q u a t io n s  [ 3 - 3 0 ]  and  
[ 3 - 3 1 ] .  T h e s e  tw o  c o n d it io n s  are  h o w e v e r  c o n f lic t in g  w h ic h  c a n  b e  r ea d ily  s e e n  by  
o b s e r v in g  [ 3 - 3 2 ] .  N o t e  th a t c o n d it io n  [ 3 -3 0 ]  a g r e e s  w ith  th e  c la s s ic a l  c o n tr o l  th e o r y  
w h ic h  is  to  im p r o v e  tra ck in g  and  d istu rb a n ce  su p p r e ss io n  b y  k e e p in g  th e  lo o p  g a in s  
h igh .
a[Sijco) ] « 1  
a[7Xjco) \ « 1  
S + T = I
[ 3 -3 0 ]
[ 3 - 3 1 ]
[ 3 - 3 2 ]
3.2.3 Robustness and Uncertainty.
W h ile  n o  n o m in a l d e s ig n  m o d e l  P{s) c a n  e m u la te  a  p h y s ic a l p la n t p e r fe c t ly , i t  is  c le a r  
th a t s o m e  m o d e ls  d o  s o  w ith  a  g rea ter  f id e lity  than o th e r s . H e n c e  n o  n o m in a l m o d e l  
sh o u ld  b e  c o n s id e r e d  c o m p le te  w ith o u t  s o m e  a s s e s sm e n t  o f  its  error. T h e s e  erro rs are  
c a lle d  m o d e l  u n ce r ta in tie s . T h e  rep re se n ta tio n  o f  th e  u n ce r ta in tie s  d e p e n d s  o n  th e  
e x te n t  to  w h ic h  th e  u n ce r ta in tie s  are k n o w n . F o r  e x a m p le  in  th e  c a s e  o f  a  w a s t e  p u m p  
th e  v is c o s i ty  o f  th e  lo a d  c a n  c h a n g e  w ith  tem p era tu re . I f  th e  m a n n er  in  w h ic h  th e  
d y n a m ic s  o f  th e  lo a d  c h a n g e  is  k n o w n  fo r  th e  ra n g e  o v e r  w h ic h  th e  te m p e r a tu r e  w ill  
c h a n g e  th en  th is ty p e  o f  u n certa in ty  is  k n o w n  as a stru c tu red  u n ce r ta in ty . In  th is  c a s e ,  
i f  th e  s tr u c tu r e  is  w e l l  k n o w n  and  u n d e r s to o d  th e  d e s ig n e r  c a n  c h o o s e  to  in c lu d e  a  
d y n a m ic  m o d e l  fo r  th is u n certa in ty  in  th e  n o m in a l d e s ig n  m o d e l. T h is  h o w e v e r  ca n  
p r e se n t  a  r ea lisa tio n  p ro b lem  in  th e  sy s te m  d e s ig n  s in c e  n o w  th e  te m p er a tu r e  o f  th e  
w a s te  h a s to  b e  m e a su r ed  o r  e s t im a te d . O fte n , in s te a d  th e  d e s ig n e r  w i l l  c h o o s e  to  
d e s ig n  a sy s te m  w h ic h  is  s ta b le  o v e r  a ll th e  ra n g es o f  th is u n ce r ta in ty . In  s o m e  
s y s te m s , th e  m o d e l o f  th e  u n cer ta in tie s  c a n  b e v ery  str u c tu r ed  b u t a t  th e  sa m e  tim e  
v e r y  c o m p le x  and  n u m e r o u s , in su c h  c a s e s  th e  u n ce r ta in tie s  are  g r o u p e d  in to  
u n str u c tu r ed  u n ce r ta in tie s .
A n  im p o r ta n t a s p e c t  o f  c o n tr o l sy s te m s  is  its se n s it iv ity  to  p a r a m e te r  v a r ia tio n . 
S e c t io n  3 .2 .1  d e sc r ib e s  th e  o p tim a l c o n tr o lle r  from  th e  c la s s ic a l p o in t  o f  v ie w , w h e r e  
its  r o b u s tn e s s  is  p r e se n te d  in term s o f  g a in  and p h a se  m a rg in s. T h e s e  m a r g in s  are
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b o u n d s  o n  v a r ia tio n s  in  th e  fe e d b a c k  lo o p  an d  c a n  b e  e x te n d e d  to  v a r ia tio n s  in  s o m e  
c o m p o n e n ts  o f  th e  p lan t. In  p articu lar  a  v a r ia tio n  in  th e  in p u t  c o u p lin g  m a tr ix , w ith  n o  
c o r r e s p o n d in g  v a r ia tio n  in  th e  tran sition  m atrix  c o u ld  b e  b o u n d e d  b y  th e  r o b u s tn e ss  
m a rg in s d e sc r ib e d . C o n s id e r  th e  p ra c tica l s itu a tio n  o f  a  cu r re n t a m p lif ie r  in  a  s e r v o  
s y s te m , o f te n  th e s e  are u su a lly  d e s ig n e d  w ith  a p e a k  cu rren t ra tin g  an d  a c o n t in u o u s  
c u r re n t ra tin g . I f  th e  a m p lifier  is  d r iv en  a t th e  p e a k  cu rren t fo r  a  t im e  g r e a te r  th an  th e  
r a ted  t im e  th e  cu rren t a m p lifier  w i l l  sa tu ra te  b y  c lip p in g  th e  in p u t to  th e  c u r re n t lo o p ,  
th is  r e d u c e s  th e  g a in  o f  th e  cu rren t a m p lif ie r . F o r  th e  o p tim a l L Q  c o n tr o lle r  d e s ig n  th e  
c lo s e d  lo o p  sy s te m  is  g u a ra n teed  to  rem ain  sta b le  i f  th ere  is  n o  m o r e  th an  a  5 0 %  ga in  
r e d u c tio n  in  th e  cu rren t am p lifier . T h is  h o w e v e r  is  a  w o r s t  c a s e  sc e n a r io , in  g e n e ra l  
th e  d o w n s id e  g a in  m arg in  is  m o r e  fa v o u r a b le . In d e e d  fo r  lo w  o r d e r  L Q  d e s ig n  th e  
d o w n s id e  g a in  m arg in  is  n o rm a lly  z e r o . T h is  fo rm  o f  p a ra m eter  v a r ia tio n  is  a  
r e s tr ic t iv e  s e t  o f  va r ia tio n s w h ic h  are b o u n d e d  b y  th e  g a in  an d  p h a se  m a rg in s  
d is c u s s e d .
T h e r e  are  se v e r a l o th e r  s e ts  o f  var ia tio n s w h ic h  can 't b e  b o u n d e d  b y  th e s e  m a r g in s . A  
g r e a t  d e a l  o f  r esea rch  w a s  carr ied  o u t  in  th is a rea  d u rin g  th e  ea r ly  e ig h t ie s  p articu lar ly  
in  th e  a rea  o f  m u ltiv a r ia b le  sy s te m  [S a fo n o v  8 1 ] ,  [D o y le  8 1 , 8 2 ]  &  [Z a m e s  8 1 ,  8 3 ] .  
T h e  m u ltiv a r ia b le  resu lts  c a n  read ily  b e  a p p lied  to  th e  S I S O  sy s te m  b y  r e p la c in g  th e  
s in g u la r  v a lu e  c o n str a in ts  w ith  a b so lu te  v a lu e  c o n str a in ts . M u c h  o f  th e  m u ltiv a r ia b le  
r esu lts  are m u ltivariab le  e x te n s io n s  o f  th e  c la s s ic a l c o n tr o l id e a s . S a fo n o v  an d  D o y le  
e x p lo r e d  th e  se n s it iv ity  fu n c tio n  and  th e  c o m p le m e n ta r y  se n s it iv ity  fu n c t io n  in  th e  
p r e s e n c e  o f  stru ctu red  and  u n stru ctu red  u n ce r ta in tie s .
In  g e n e r a l, p a ra m eter  v a r ia tio n  is  c la s s if ie d  a s  s tru c tu red  u n ce r ta in ty . C o n s id e r  th e  
c a s e  o f  th e  w a s te  p u m p , it  is  th e  v is c o s i ty  o f  th e  lo a d  w h ic h  is  a lter ed  w ith  a  c h a n g e  in  
te m p er a tu r e . T h u s  th e  n u m b er  o f  d y n a m ic  m o d e s  o f  th e  lo a d  an d  th e ir  s tr u c tu r e  still 
rem a in s  th e  sa m e . It c a n  b e  s h o w n  [A n d e rso n  8 9 ] ,  [G rim b le  88 a] th a t f o r  str u c tu r ed  
v a r ia t io n s  th e  se n s it iv ity  o f  th e  o u tp u t  o f  th e  c lo s e d  lo o p  s y s te m  to  p a ra m eter  
v a r ia tio n  is  th e  s e n s it iv ity  fu n c tio n  tim es  th e  se n s it iv ity  o f  th e  o p e n  lo o p  s y s te m  to  th e  
p a r a m e te r  v a r ia tio n  [ 3 - 3 3 ] .  T h u s e q u a tio n  [3 -3 0 ]  is  a  d e s ig n  c o n s tr a in t  w h ic h  
m in im ise s  s e n s it iv ity  to  s tru c tu red  v a r ia tio n s . T h is  c o n str a in t a g r e e s  w ith  th e  c la s s ic a l  
a r g u m e n t fo r  la r g e  lo o p  g a in s .
T h e r e  are  tw o  ty p e s  o f  u n stru ctu red  u n ce r ta in tie s , a d d itiv e  an d  m u lt ip lic a t iv e  
u n ce r ta in tie s . E q u a tio n  [3 -3 4 ]  r ep resen ts  th e  m o d if ie d  n o m in a l p la n t in  th e  p r e se n c e  
o f  an  a d d itiv e  u n cer ta in ty  and  e q u a tio n  [ 3 - 3 5 ]  a tta c h e s  a  b o u n d  to  th is  u n ce r ta in ty , 
w h e r e  la(s) is  a  p o s it iv e  sca la r  fu n c tio n , w h ic h  c o n f in e s  th e  p la n t Pa(s) to  a  
n e ig h b o u r h o o d  o f  P(s) w ith  m a g n itu d e  la(s).
E q u a tio n  [ 3 - 3 6 ]  r ep re se n ts  th e  m o d if ie d  p la n t in  th e  p r e se n c e  o f  a  m u lt ip lic a t iv e  
u n c e r ta in ty  an d  e q u a tio n  [3 - 3 7 ]  a tta ch es  a  b o u n d  to  th is  u n ce r ta in ty ,
w h e r e  lm(s) c o n f in e s  Pm(s) to  a  n o r m a lised  n e ig h b o u r h o o d  o f  P{s). F o r  S I S O  
s y s te m s  b o th  ty p e s  o f  u n cer ta in tie s  c a n  b e  r ep resen ted  b y  a m u lt ip lic a t iv e  u n cer ta in ty .
It c a n  b e  s h o w n  th a t a  su ff ic ie n t  c o n d it io n  fo r  c o n tin u e d  sta b ility  u n d e r  th e  in f lu e n c e  
o f  m o d e l  u n cer ta in ty  is  th e  c o n d it io n  o f  e q u a tio n  [ 3 -3 8 ]  [D o y le  8 1 ] ,  fr o m  w h ic h  
e q u a t io n  [ 3 -3 9 ]  c a n  b e  e s ta b lish e d  b y  o b se r v in g  th e  s in g u la r  v a lu e  in e q u a lit ie s  g iv e n  in  
e q u a t io n  [ 3 - 4 0 ] .  N o t e  th e  o  and a  d e n o te  th e  m in im u m  and  m a x im u m  s in g u la r
v a lu e s , in  th e  c a s e  o f  a  S I S O  sy s te m  th e y  are e q u iv a le n t  U s in g  th e  d e f in it io n  fo r  
c o m p le m e n ta r y  se n s it iv ity  [ 3 - 2 9 ] ,  c o n d it io n  [ 3 - 3 9 ]  b e c o m e s  [ 3 - 4 1 ] ,
Pa(s) = Pis}+AP(s) [ 3 - 3 4 ]
c t [A P (s ) ]  <  la(s) [ 3 - 3 5 ]
PJs) = (I+Lm(s))P{s) [ 3 - 3 6 ]
cr[L(s)]<Zm(s) [ 3 - 3 7 ]
<j[l +  IXs)P(s)C(s)(I +  P ( s ) C ( s ) ) _1] >  0 [ 3 - 3 8 ]
a\P(s)C(s)(I+ r a a s ) ) " 1! <  - J -  
L J L(s)
a[P] - 1 <  o[I  +  P] < c r [P ] + 1
[ 3 - 3 9 ]
[ 3 - 4 0 ]
[3-41]
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T h e  terra se n s it iv ity  and r o b u s tn e ss  are o f te n  u s e d  in te r c h a n g e a b ly , b u t to  b e  m o r e  
p r e c ise  s e n s it iv ity  refers to  th e  c h a n g e  in  th e  s y s te m ’s r e s p o n s e  w h ic h  r e s u lts  fro m  
sm a ll c h a n g e s  in  th e  sy s te m  p a ra m eters. R o b u s tn e s s  r e fers  to  th e  p r e se r v a tio n  o f  
s ta b ility  u n d er  a llo w a b le  v a r ia tio n s in  th e  n o m in a l s y s te m  p aram eters [G r im b le  88a].
I t  m u s t  b e  s tr e s se d  th a t u n lik e  o th e r  b o u n d s  th e s e  m a rg in s are  n o t  c o n s e r v a t iv e  
e s t im a te s  o f  s ta b ility  b o u n d s . O n  th e  c o n tr a ry , i f  th e  u n ce r ta in tie s  are  tru ly  
u n str u c tu r ed  and  [ 3 - 4 1 ]  is  v io la te d , th en  a  p er tu rb a tio n  L(s) e x is t s  w ith in  th e  s e t  
a l lo w e d  b y  [ 3 -3 7 ]  fo r  w h ic h  th e  sy s te m  is  u n sta b le . H e n c e  th e s e  s ta b ility  c o n d it io n s  
im p o s e  hard lim its  o n  th e  p e r m is s ib le  lo o p  g a in s  o f  a  p ra c tica l fe e d b a c k  s y s te m .
C o n s id e r  th e  e x a m p le  o f  a m o to r  and its  c o r r e s p o n d in g  cu rren t a m p lif ie r  a s  d e p ic te d  
in  F ig u r e  [ 3 - 7 ] .  Q u ite  o f te n  th e  p la n t u n d e r  c o n tr o l [ 3 -4 2 ]  a p p r o x im a te d  to  a  fir s t  
o r d e r  p la n t [ 3 - 4 3 ] .  T h e  d y n a m ic s  o f  th e  cu rren t lo o p  are a s s u m e d  to  b e  m u c h  fa s te r  
th an  th a t o f  th e  d e s ir e d  c lo s e d  lo o p  sy s te m . C o n se q u e n t ly  th e  n o m in a l p la n t u s e d  fo r  
c o n tr o l  is  [ 3 - 4 3 ] .  T h e  q u e s t io n  n o w  p o s e d  is  w h a t  are th e  b o u n d s  o n  th e  u n m o d e lle d  
d y n a m ic s  o f  th e  cu rren t a m p lifier  b e lo w  w h ic h  th e  sy s te m  c a n  b e  p e r tu r b e d  in to  a 
s ta te  o f  in sta b ility ?  T h a t  is ,  w h a t  is  th e  sm a lle s t  a  b e lo w  w h ic h  c o n d it io n  [ 3 - 4 1 ]  fa ils?  
In  a  p r a c tic a l d e s ig n  p ro b lem  th is q u e s t io n  is  o f te n  r e v e r s e d , n a m e ly  w h a t  is  th e  
la r g e s t  fe e d b a c k  g a in s  K fo r  w h ic h  th e  m u lt ip lic a t iv e  u n str u c tu r ed  u n ce r ta in ty  [ 3 - 4 4 ]  
is  b o u n d e d  b y  [ 3 -4 1 ]?  F u rth erm ore  g iv e n  th e  n o m in a l m o d e l  fo r  th e  m o to r  an d  lo a d  
e q u a t io n  [ 3 - 4 3 ] ,  w h a t  are th e  b o u n d s o n  th e  p a ra m eters J and  B su c h  th a t s ta b ility  is  
r eta in ed ?  In g e n e ra l th e  a p p lic a tio n  w il l  d ic ta te  th e s e  b o u n d s  a s  r o b u s tn e ss  
r eq u ire m en ts  o f  th e  c o n tr o l sy s te m . F o r  th e  p u r p o se  o f  th is e x a m p le  a s s u m e  th a t th e  
lo a d  in ertia  JL and  d a m p in g  BL c a n  v a ry  b e tw e e n  z e r o  and  th ree  t im e s  th e  n o m in a l 
m o to r  v a lu e s . T h e  n o m in a l p a ra m eter  v a lu e s  are  g iv e n  b y  e q u a tio n  [ 3 - 4 6 ] .  N o t e  th a t  
fo r  o p tim u m  o p e r a tio n  th e  lo a d  and m o to r  p a ra m eters are m a tc h e d , th u s th e  n o m in a l  
p a r a m e te r s  u se d  in  th e  d e s ig n  are tw ic e  th e  m o to r  p a ra m eters.
FB Gains Current amp. Motor & load
Fig. [3-7] Example Rig.
P»(S) = 7 -T V 7 — m t3-42)(s + a){Js+B)
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J = 2  T''max nom , , ,  .
D _ R , R I3 ' 4 6 !
nom A  m
Anax =  2 5 nom
T h e r e  are  th ree  m u ltip lic a tiv e  u n stru ctu red  u n ce r ta in tie s  d e sc r ib e d , n a m e ly  
u n c e r ta in tie s  a s s o c ia te d  w ith  th e  cu rren t lo o p ,  th e  in ertia  and  th e  v is c o u s  d a m p in g  
p a r a m e te r s . E q u a tio n s  [ 3 - 4 4 ] ,  [ 3 - 4 7 ]  and  [ 3 - 4 8 ]  r ep re se n ts  th e s e  u n ce r ta in tie s  in  
a c c o r d a n c e  w ith  e q u a tio n  [ 3 -3 6 ] .
L J S ) J - ^ w  wherei>"=^ i  [3-47!
=  S  WhereP" =  ^ B  [3'481
U s in g  th e  h eu r istic  tu n in g  p r o c ed u r e  o f  s e c t io n  3 .1 .1  and  th e  H a m ilto n ia n  s o lu t io n  to  
R ic ca ti's  e q u a t io n , a  fu ll s ta te  fe e d b a c k  c o n tr o lle r  c a n  b e  d e s ig n e d . 7 \s)  f o r  th is
c o n tr o lle r  stru c tu re  is  g iv e n  in e q u a tio n  [ 3 - 4 5 ] .  F ig u re  [ 3 -8 ]  d e p ic ts  th e  b o u n d e d  
c o m p le m e n ta r y  se n s it iv ity  fu n c tio n  fo r  a  A  in  e q u a tio n s  [ 3 -4 7 ]  an d  [ 3 - 4 8 ]  e q u a l to  2 . 
F ro m  th e  f ig u r e  it is  a p p a ren t th a t th e  c h o s e n  c o n tr o lle r  fa ils  th e  r o b u s tn e s s  c o n d it io n  
o f  e q u a t io n  [ 3 - 4 1 ] ,  in  th e  c a s e  o f  th e  u n stru c tu red  u n cer ta in ty  [ 3 - 4 7 ] ,  b e tw e e n  th e  
fr e q u e n c y  r a n g e s  1 0 .5  to  1 1 .5  R a d /S e c . B y  in c re a sin g  p in  th e  tu n in g  p r o c e d u r e s  th e  
T{s) fu n c t io n  m ig ra te s  a lo n g  th e  fr e q u e n c y  a x is  un til e v e n tu a lly  th e  r o b u s tn e ss  
c o n d it io n  [ 3 - 4 1 ]  a g a in  fa i ls  bu t in  th is c a s e  b e c a u se  o f  th e  u n stru ctu red  u n ce r ta in ty  [3 -  
4 4 ] ,  B y  a d ju s t in g  th e  ra tio  o f  th e  q '^s in  e q u a tio n  [ 3 -1 3 ]  th e  a m p litu d e  o f  7 \s)  c a n  b e
c o n tr o lle d  to  s o m e  e x te n t  and h e n c e  th e  fr e q u e n c y  r a n g e  o v e r  w h ic h  [ 3 - 4 7 ]  fa ils  c a n  
b e  r e d u c e d . S u c h  a d ju stm en ts are part o f  th e  h eu r istic  r o b u st tu n in g  p r o c e d u r e s . It  
m a y  b e  fo u n d  th a t e x c e s s iv e  a d ju stm en t o f  th e  c o n tr o lle r  w e ig h ts  m a y  c o m p r o m is e  
o th e r  p e r fo r m a n c e  c r iter ia , in w h ic h  c a s e  th e  c o n tr o lle r  str u c tu r e  i t s e l f  m a y  req u ire
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ad ju stm e n t. In th is particu lar  e x a m p le  a  A J  =  L 2 5 J nom w il l  s a t is fy  th e  s ta b ility  
c r iter io n  [ 3 -4 1 ] ,
8 Plot
Frequency (Rad/Sec)
Fig. [ 3 - 8 ]  Performance bounds for example .
T h u s  se n s it iv ity  and  c o m p le m e n ta r y  se n s it iv ity  fu n c tio n s  p r o v id e  an  e f f e c t iv e  m e th o d  
fo r  s tu d y in g  th e  r o b u stn e ss  o f  a  g iv e n  c o n tr o lle r  stru c tu re  in  th e  p r e se n c e  o f  b o th  
s tr u c tu r ed  and  u n stru c tu red  u n ce r ta in tie s . T h e y  a ls o  p r o v id e  tu n in g  c r iter ia  r eg a rd in g  
th e  s e n s it iv ity  o f  th e  c lo s e d  lo o p  sy s te m  to  m e a su r e m e n t n o is e s ,  d is tu rb a n c e  n o is e s  
an d  tr a ck in g  e rro rs . T a b le  [3 -2 ]  su m m a rises  th e  d e s ir a b le  p r o p e r tie s  o f  th e  se n s it iv ity  
an d  c o m p le m e n ta r y  se n s it iv ity  fu n c tio n s . F ig u re  [ 3 -9 ]  d e p ic ts  th e s e  b o u n d s  fo r  th e  
e x a m p le  a b o v e .
D e s ir a b le  p rop erty  C o n str a in t
G o o d  T r a c k in g  P e r fo r m a n c e  crfS ] «  1
G o o d  D is tu r b a n c e  S u p p r e ss io n  cr[S|] «  1
G o o d  N o i s e  S u p p r e s s io n  cr[T ] «  1
G o o d  I n s e n s it iv i ty  to  S tru ctu red  U n c e r ta in tie s  cr[S ] «  1
G o o d  I n s e n s it iv i ty  to  U n stru c tu red  U n c e r ta in tie s  a\X\ < <  T~
m
Table [3-2] Desirable Properties of T(s) and S(s)
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Fig. [3-9] Good Performance bounds.
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3.3 The Linear Quadratic Gaussian Controller (LQG)
In  th e  p r e v io u s  s e c t io n s  th e  L Q  c o n tr o lle r  w a s  p r e se n te d  a s an  o p tim a l fu ll  s ta te  
fe e d b a c k  c o n tr o lle r . T h e  c o n tr o lle r  is  d e f in e d  b y  a  w e ig h te d  c o s t  fu n c t io n , th e  
p a rticu la r  w e ig h ts  are c h o s e n  u s in g  th e  h e u r is t ic  tu n in g  p r o c ed u r e . T h e  so lu t io n  o f  th e  
c o n tr o lle r  p r o b le m ' req u ires th e  s o lv in g  o f  th e  d isc r e te  Riccati equation, a  
n o n r e c u r s iv e  so lu t io n  o f  w h ic h  e x is ts  in  th e  fo rm  o f  th e  H a m ilto n ia n  s o lu t io n . T h e  
h e u r is tic  tu n in g  p r o c e d u r e  d e sc r ib es  a  se r ie s  o f  s te p s  in v o lv in g  m a n ip u la tio n  o f  th e  
c o s t  w e ig h ts  u n til a  sa t is fa c to r y  r e sp o n se  is  fo u n d . S u b s e q u e n t  s e c t io n s  p o r tr a y ed  th e  
L Q  c o n tr o lle r  in  a  c la s s ic a l  l ig h t. U s in g  th e  c o n d it io n  fo r  o p tim a lity , n a m e ly  th e  retu rn  
d if fe r e n c e  in e q u a lity , r o b u stn e ss  b o u n d s c o u ld  b e  e s ta b lish e d  fo r  th e  L Q  c o n tr o lle r .  
T h e  retu rn  d iffe r e n c e  and  c o m p lem e n ta r y  retu rn  d iffe r e n c e  in e q u a lit ie s  are  th e n  u se d  
to  s e t  b o u n d s  o n  s tru c tu red  and  u n stru ctu red  u n ce r ta in tie s . T h e  c o n f l ic t in g  b o u n d s  o n  
th e  in e q u a lit ie s  are p r e se n ted  in  a  5  p lo t , w h e r e  tr a d e -o ffs  c a n  b e  m a d e .
T h e  L Q  c o n tr o lle r  is  a  fu ll s ta te  fe e d b a c k  c o n tr o lle r  an d  c o n s e q u e n t ly  k n o w le d g e  o f  
a ll th e  fe e d b a c k  s ta te s  are req u ired . A s  m e n t io n e d  p r e v io u s ly  th is fe e d b a c k  
in fo r m a tio n  w il l  b e  p r o v id e d  b y  an e s tim a to r . In  th is p a rticu la r  w o r k , a  K alm an  
e s t im a to r  is  u s e d  b e c a u se  i t  is  th e  o p tim a l e s t im a to r , in  a  G a u ss ia n  s e n s e . C h a p te r  2  
e x p lo r e s  th e  d e v e lo p m e n t  o f  su c h  an e s tim a to r . T h is  s e c t io n  w il l  e x p lo r e  th e  L Q G  
c o n tr o lle r  s tr a te g y , th e  b a sis  o f  w h ic h  w il l  b e  th e  p r e v io u s  w o r k  o n  th e  L Q  c o n tr o lle r  
an d  th e  K a lm an  e s tim a to r . It w ill  b e c o m e  a p p a ren t in  s u b s e q u e n t  s e c t io n s  th a t th e  
L Q G  c o n tr o lle r  d o e s  n o t  in h er it th e  r o b u s tn e ss  p r o p e r tie s  o f  th e  L Q  c o n tr o lle r . In  an  
e f fo r t  to  p r e se r v e  th e se  r o b u stn e ss  p ro p e r tie s  a  lo o p  tra n sfer  r e c o v e r y  p r o c e d u r e  w ill  
b e  e x p lo r e d . T h e  r esu lt in g  te ch n iq u e  is  a  lin ea r  q u ad ra tic  G a u ss ia n  c o n tr o lle r  w ith  
lo o p  tra n sfer  r e c o v e r y  L Q G  /  L T R . F urther im p r o v e m e n ts  in  r o b u s tn e ss  to  s tr u c tu r ed  
an d  u n str u c tu r ed  u n cer ta in tie s  sh a ll b e  m a d e  w ith  th e  u s e  o f  fr e q u e n c y  sh a p e d  c o s t  
fu n c t io n s . T h e  r esu ltin g  c o n tr o lle r  str a teg y  is  a  F S -L Q G  /  L T R  c o n tr o lle r , a  s u b s e t  o f  
w h ic h  is  th e  P I -L Q G  /  L T R  co n tr o ller . T h e  c o n tr o lle r  a n d  e s t im a to r  p r o b le m s  d e f in e  a  
tw o -d e g r e e s -o f - f r e e d o m  d e s ig n  p r o b lem , th e  d e s ig n  o f  w h ic h  c a n  b e  in te g r a te d  u s in g  
a  H“  d e s ig n  s tr a teg y .
T h e  L Q G  c o n tr o lle r  c o n s is t s  o f  a  lin ea r  q u ad ra tic  c o n tr o lle r  w ith  a K a lm a n  f i lte r  in  th e  
f e e d b a c k  p a th . T h e  L Q G  c o n tr o lle r  has tw o -d e g r e e s -o f - f r e e d o m  in  its  d e s ig n , th e  
separation principle p r o v id e s  th is tw o -d e g r e e s -o f - f r e e d o m . T h is  im p o r ta n t p r in c ip le  
is  n o w  d e v e lo p e d .
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3.3.1 The Separation Principle.
C o n s id e r  a p la n t d e sc r ip t io n  [3 -4 9 ]  and  th e  a v a ila b ility  o f  a  fu ll s ta te  fe e d b a c k  
c o n tr o lle r  [ 3 - 5 0 ] ,  T h e  g a in  v e c to r  K c a n  b e  an  arbitrary g a in , b u t in  th is a p p lic a tio n  
o f  th e  se p a r a tio n  p r in c ip le , th e  g a in  K w il l  b e  d e r iv e d  th r o u g h  s o m e  lin ea r  q u a d ra tic  
p e r fo r m a n c e  c o n str a in ts  su c h  a s [ 3 - 1 ] .  A  c lo s e d  lo o p  d e sc r ip t io n  o f  th is p la n t and  
c o n tr o lle r  c a n  b e  rea d ily  o b ta in e d  [ 3 - 5 1 ] ,  th e  ch a r a c te r is t ic  e q u a t io n  o f  w h ic h  is 
d e f in e d  b y  e q u a tio n  [ 3 - 5 2 ] ,
[ 3 -4 9 ]
yk = Hxk
uk =  -Kxk [ 3 - 5 0 ]
xlH=(<t>-rK)xt [ 3 - 5 1 ]
| < D - r ^  =  0  [ 3 - 5 2 ]
In  p r a c tic e  a ll th e  s ta te s  are n o t  a v a ila b le  to  im p le m e n t th e  c o n tr o l la w  [ 3 - 5 0 ] ,  in ste a d  
th is  c o n tr o l  la w  is  r ep la c ed  w ith  e q u a tio n  [ 3 - 5 6 ] ,  w h e r e  th e  p la n t s ta te s  are  r ep la c ed  
w ith  an  e s t im a te  o f  th e  s ta te s . T h e  L Q  c o n tr o lle r  is  th u s im p le m e n te d  a s  a  L Q G  
c o n tr o lle r  b e c a u s e  o f  p ra c tica l an d  p h y s ic a l c o n str a in ts . T h e  e s t im a te s  o f  th e  s ta te s  are  
o b ta in e d  u s in g  a K a lm an  estim a to r . A  t im e  in varian t im p le m e n ta t io n  o f  th e  K alm an  
e s t im a to r  is  d e sc r ib e d  b y  e q u a tio n s  [ 3 - 5 3 ] ,  [ 3 -5 4 ]  and  [ 3 - 5 5 ] ,  w h e r e  th e  g a in  v e c to r  
L is  th e  s te a d y  sta te  K a lm a n  g a in .
= 0 ) ^ + 1 V ,  [ 3 - 5 3 ]
xk =x'k +L(yk-y-k) [ 3 - 5 4 ]
y-k =Hx~k [ 3 - 5 5 ]
uk =-Kxk [ 3 - 5 6 ]
A  c lo s e d  lo o p  d e sc r ip t io n  o f  th is e s t im a to r  c a n  be fo u n d  b y  r ew r itin g  th e  K alm an  
e q u a t io n s  in  term s o f  th e  e s tim a te d  error, d e f in e d  b y  e q u a tio n  [ 3 - 5 7 ] .  B y  su b stitu tin g  
e q u a t io n s  [ 3 - 4 9 ] ,  [ 3 - 5 3 ] ,  [ 3 -5 4 ]  and [ 3 -5 5 ]  in to  [ 3 - 5 7 ] ,  th e  c lo s e d  fo r m  d e sc r ip t io n  
[ 3 - 5 8 ]  f o l lo w s ,  th e  ch a ra cter istic  e q u a tio n  o f  w h ic h  is  g iv e n  in  [ 3 - 5 9 ]
x = x - x  [ 3 - 5 7 ]
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** = ®**-i+r uk-i -  4  - L( y k -  y l  )
=  <&**_,-®xk-i -  ui{xk_ i - r « w )
=  -  * * -i ) -  LH(<bxk_, -  « X j .1 )
[3-58]
[ 3 - 5 9 ]
T h e  c o m b in e d  e s t im a to r  and c o n tr o lle r  fo rm  a  L Q G  c o n tr o lle r . A  c lo s e d  fo rm  
s o lu t io n  o f  th e  L Q G  c o n tr o lle r  and  p la n t is  req u ired . T h is  c a n  b e  o b ta in e d  b y  
a u g m e n tin g  th e  p la n t and  c o n tr o lle r  as a  lin ea r  c o m b in a tio n  o f  th e  p la n t s ta te s  a n d  th e  
e s t im a te d  erro r  d e f in e d  b y  [3 -5 7 ] .  E q u a tio n  [ 3 - 5 8 ]  a lrea d y  d e sc r ib e s  th e  e s t im a to r  as 
a  l in e a r  c o m b in a t io n  o f  th e  e s t im a te d  error. T h e  p la n t [ 3 - 4 9 ]  an d  c o n tr o lle r  [ 3 - 5 6 ]  c a n  
b e  r e w r itte n  is  term s o f  th e  e s t im a te d  error  b y  su b stitu tin g  [ 3 - 5 7 ]  in to  [ 3 - 5 6 ]  an d  th en  
th e  r e s u lt  in to  [ 3 - 4 9 ] ,  T h e  r esu ltin g  d e sc r ip tio n  is  g iv e n  in  [ 3 -6 0 ] .
A u g m e n tin g  [ 3 -6 0 ]  and  [3 -5 8 ]  g iv e s  th e  c lo s e d  lo o p  d e sc r ip t io n  o f  th e  c lo s e d  lo o p  
sy s te m  [ 3 - 6 1 ] ,  th e  ch a r a cte r istic  e q u a tio n  o f  w h ic h  is  g iv e n  b y  [ 3 - 6 2 ] ,  u s in g  th e  
re la t io n sh ip  th a t th e  d e term in a n t o f  a  p r o d u c t  is  th e  sa m e  as th e  p r o d u c t  o f  
d e te r m in a n ts . It is  th u s e v id e n t  from  [3 - 6 3 ]  th a t th e  d y n a m ic  r e s p o n s e  o f  th e  c lo s e d  
lo o p  L Q G  sy s te m  is  th e  c a sc a d e d  r e s p o n s e  o f  th e  K a lm an  e s t im a to r  [ 3 - 5 9 ]  an d  th e  
L Q  c o n tr o lle r  [ 3 - 5 2 ] .  T h is  a llo w s  th e  d e s ig n  o f  su c h  an  e s t im a to r  /  c o n tr o lle r  
c o m b in a t io n  to  b e  carr ied  o u t  se p a r a te ly  and  th en  c o m b in e d  a t  a  f in a l s ta g e . T h is  
r e la t io n sh ip  is  n o t  r e s tr ic te d  to  th e  L Q G  c o n tr o lle r , in d e e d  a n y  s im ila r ly  d e r iv e d  
e s t im a to r  an d  c o n tr o lle r  c a n  b e  c o m b in e d  in  su c h  a m an n er .
**+i =®xk-rK{xk- x k) 
= {<t>-rK)xk+FKxk
[ 3 - 6 0 ]




[ 3 - 6 1 ]
[ 3 - 6 2 ]
[3-63]
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It m u s t  b e  e m p h a s ise d  h o w e v e r  th a t th e  se p a r a tio n  p r in c ip le  d o e s  n o t  a l lo w  
c o m p le te ly  se p a r a te  d e s ig n  o f  th e  e s t im a to r  and  c o n tr o lle r . I f  th e  e s t im a to r  w e r e  
d e s ig n e d  w ith  a  'sm all' error  c o v a r ia n c e  th e  r e s p o n s e  o f  th e  c lo s e d  lo o p  sy s te m  is  
d o m in a te d  b y  th e  d y n a m ic s  o f  th e  e s t im a to r  [ 3 - 5 9 ] .  T h u s  th e  d e s ig n e d  r e s p o n s e  w ill  
n o t  b e  th e  o p tim a l L Q  r e s p o n s e  d e s ir ed . A s  a  g e n e ra l ru le  th e  e s t im a to r  b a n d w id th  is  
c h o s e n  to  b e  su ff ic ie n tly  'larger' than th a t o f  th e  c o n tr o lle r  b a n d w id th . T h is  in su res  
th a t th e  c lo s e d  lo o p  r e s p o n s e  o f  th e  a u g m e n te d  sy s te m  w il l  b e  d o m in a te d  b y  th e  
d y n a m ic s  o f  th e  L Q  c o n tr o lle r  and  thu s w i l l  a p p ro x im a te  to  th e  o p tim a l L Q  r e s p o n s e  
[ 3 - 5 2 ] .  In  su b s e q u e n t  s e c t io n s  th e  in te r d e p e n d e n c e  b e tw e e n  th e  e s t im a to r  an d  th e  
c o n tr o lle r  w i l l  b e  e x p lo r e d , w ith  p articu lar  regard  to  r o b u stn e ss  im p lic a t io n s .
3.3.2 The Loss of Robustness.
T h is  s e c t io n  w il l  e x a m in e  th e  in p u t and o u tp u t  r o b u s tn e ss  o f  th e  c lo s e d  lo o p  sy s te m .  
C o n s id e r  th e  e f f e c t  o n  r o b u s tn e ss  o f  a n o n -lin ea r ity  o r  u n m o d e lle d  d y n a m ic s  in se r ted  
a t p o in ts  X  an d  Y  in  F ig u re  [ 3 - 1 0 ] .  N o t e  th e  c h o s e n  p o in ts  X  an d  Y  are o u ts id e  th e  
b o u n d s  o f  th e  n o m in a l p la n t and  c o n tr o ller . I f  th is n o n lin ea r ity  w e r e  in s id e  th e  b o u n d s  
o f  th e  p la n t, i t  w o u ld  c o m e  u n d er  th e  h e a d in g  o f  an  u n str u c tu r ed  u n cer ta in ty . 
H o w e v e r  th ere  is  a  la r g e  o v e r la p  b e tw e e n  th e se  c la s s if ic a t io n s .
X
Fig. [ 3 - 1 0 ]  System with nonlinearities.
T h e  g u a r a n te e d  p a ssb a n d  ro b u stn e ss  p ro p er tie s  e s ta b lish e d  in  s e c t io n  3 .2 .1  fo r  th e  L Q  
fu ll s ta te  fe e d b a c k  c o n tr o lle r  s im p ly  e v a p o r a te  w ith  th e  in tr o d u c tio n  o f  a  s ta te  
e s t im a to r  [D o y le  7 8 ] .  In th is se c t io n  th e  e f fe c t  o f  th e  s ta te  e s t im a to r  o n  th e  return  
d if fe r e n c e  in e q u a lity  and  c o r r e sp o n d in g  e f fe c ts  o n  th e  r o b u s tn e ss  p r o p e r t ie s  w il l  b e  
s h o w n  b y  e x a m p le . T h is  e x a m p le  w il l  fo rm  th e  b a s is  fo r  a r o b u s tn e s s  r e c o v e r y  
p r o c e d u r e  fe a tu r e d  in  s u b s e q u e n t  s e c t io n s  [ D o y le  7 9 ] .
T h e  lo s s  o f  th e  r o b u s tn e ss  p rop erty  c a n  b e  s h o w n  b y  c o m p a r in g  tw o  s y s te m s , o n e  
w ith o u t  an d  th e  o th e r  w ith  th e  s ta te  e s t im a to r . C o n s id e r  th e  d isc r e te  t im e  sy s te m
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d e p ic te d  in  F ig u re  [ 3 - 1 1 ] ,  fr o m  an  in p u t r o b u s tn e ss  p o in t  o f  v ie w  th e  tr a n sfe r  fu n c t io n  
fo r  th e  c lo s e d  lo o p  s y s te m  b r o k e n  a t p o in t  X  is  o f  in te r e s t . E q u a tio n  [ 3 - 6 4 ]  r ep re se n ts  
su c h  a  tra n sfer  fu n c t io n . N o t e  th a t p o in t  X  is  o u ts id e  b o th  th e  c o n tr o lle r  a n d  p la n t.
> Controller ___ -
Fig. [ 3 - 1 1 ]  Discrete time system.
[ 3 - 6 4 ]
N o w  c o n s id e r  th is sy s te m  w ith  a fu ll s ta te  fe e d b a c k  c o n tr o lle r  an d  a  K alm an  
p r e d ic to r -c o r r e c to r  s ta te  e s t im a to r  d e p ic te d  in  F ig u re  [ 3 - 1 2 ] ,  A g a in  b y  b r e a k in g  th e  
lo o p  a t an  e q u iv a le n t  p o in t  X ,  an  e q u iv a le n t  tra n sfer  fu n c t io n  c a n  b e  d e r iv e d .
Controller
Fig. [3-12] LQG with DTIK predictor-corrector form.
T h is  tr a n sfe r  fu n c tio n  is  rea d ily  d e r iv e d  b y  fir s t e v a lu a tin g  th e  tra n sfer  fu n c t io n  from  
th e  o u tp u t  o f  th e  p la n t yk to  the o u tp u t  o f  th e  s ta te  e s t im a to r  xk. U s in g  th e  t im e  
in v a r ia n t p r e d ic to r -c o r r e c to r  K alm an  e s t im a to r  d e f in e d  b y  e q u a t io n s  [ 3 - 5 3 ] ,  [ 3 - 5 4 ] ,  
[ 3 - 5 5 ]  an d  th en  su b stitu tin g  [ 3 -5 6 ]  e v a lu a te d  a t t im e  k-1, fo r  uk_{, g iv e s  e q u a t io n  [3 -  
6 5 ] .  T a k in g  th e  2  tran sform  o f  [ 3 -6 5 ]  and  e x p r e s s in g  it  a s  a  tra n sfer  fu n c t io n  g iv e s  
[ 3 - 6 6 ] .  U s in g  th e  d e f in it io n  fo r  th e  fu ll s ta te  fe e d b a c k  c o n tr o lle r  [ 3 - 5 6 ]  an d  e q u a t io n
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[ 3 - 6 6 ] ,  th e  L Q G  c o n tr o lle r  c a n  n o w  be fo rm a lly  d e f in e d  a s [ 3 - 6 7 ] ,  w h e r e  K in  [ 3 - 6 7 ]  
is  d e r iv e d  fro m  s o m e  L Q  c o n s tr a in t
** =  + r  uk-1 +  Uyk -  m x k-x -  m ‘« * - i )
= -  IX 2W + L{yk-  ) [3-65]
= (<& -Ltf <D -  r/s:+ LHTK)xk_{ + Lyk
A
- ^  =  ( z / - < D + z j / < i > + n : - L / / n i : ) ' 1L [ 3 - 6 6 ]
uk =  -  AT(z/ -  <I>+  LH<b + TK-LHTK)'1 Lyk [ 3 - 6 7 ]
T h e  tra n sfer  fu n c t io n  fo r  th e  o p e n  lo o p  p la n t is  g iv e n  b y  e q u a tio n  [ 3 - 6 8 ] .  S u b st itu t in g  
f o r  yk in to  [ 3 - 6 7 ]  g iv e s  th e  d e s ir e d  tran sfer  fu n c t io n  fo r  th e  c lo s e d  lo o p  sy s te m  
b r o k e n  a t p o in t  X  [ 3 - 6 9 ] .
^  = H{zJ -<D)_1r  [3-68]
— = -K(zJ - < i> +  LH® + TK-LHTK)'1 LH(zI -<J>)-1 r  [ 3 - 6 9 ]
uk
T h e  o u tp u t  r o b u s tn e ss  c a n  b e d e r iv e d  in a  s im ila r  m a n n er  b y  b rea k in g  th e  lo o p  a t  
p o in t  Y . In th is c a s e  th e  o u tp u t ro b u stn e ss  tran sfer  fu n c tio n  fo r  th e  L Q  an d  L Q G  
c o n tr o lle r s  are  g iv e n  in  e q u a tio n  [3 -7 0 ]  an d  [ 3 - 7 1 ] ,  F o r  S I S O  s y s t e m s  e q u a t io n  [ 3 - 6 4 ]  
is  th e  sa m e  as e q u a t io n  [3 - 7 0 ]  and  e q u a tio n  [ 3 -6 9 ]  is  th e  sa m e  as e q u a t io n  [ 3 - 7 1 ] ,  
T h u s  th e  S I S O  in p u t /  o u tp u t r o b u stn e ss  c a n  b e  d e sc r ib e d  u s in g  o n e  s e t  o f  e q u a t io n s .
=  [ 3 -7 0 ]
yk
h  =  -H(zl -  TK{zI -  <t>+ LH<& +  -  LHrK)~l L [ 3 -7 1 ]
F o r  th e  p u r p o se  o f  th is e x a m p le  th e  c o n t in u o u s  t im e  m o to r  m o d e l  is  u s e d  w ith  
p a r a m e te r s  g iv e n  b y  e q u a t io n s  [ 3 -7 2 ] .  T h e  c o n tr o lle r s  to  b e im p le m e n te d  are  d isc r e te  
t im e  L Q  an d  L Q G  c o n tr o lle r s  fo r  w h ic h  a sa m p le  fr e q u e n c y  o f  1 k H z  is  c h o s e n . U s in g  
th e  h e u r is t ic  tu n in g  p r o c e d u r e s  o f  se c t io n  3 .1 .1 ,  a  L Q  g a in  K =  [ 1 7 .6  1 4 5 1 .8 ]  is
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c h o s e n . T h is  g a in  c o r r e s p o n d s  to  c o n tr o lle r  r o o ts  lo c a te d  a t  z =  0 .9 0 8 2  ± 0 . 0 7 8 0 i and  
p r o v id e s  a  s e tt l in g  t im e  o f  a b o u t 3 0 m s . T h e  L Q G  c o n tr o lle r  is  d e s ig n e d  u s in g  th e  L Q
g a in  ju s t  d e sc r ib e d  a n d  a  K a lm a n  e s t im a to r  w ith  g a in  L =  [ 7 9 .7 3  0 .3 6 1 5 ] r . T h is  g a in  
c o r r e s p o n d s  to  e s t im a to r  p o le s  a t z = 0 . 7 7 9 2 ±  0 .1 7 6 4 /' .  T h e  g a in  L in  th is  c a s e  is  
c h o s e n  su c h  th a t th e  e s t im a to r  r o o ts  are 'faster' th en  th e  c o n tr o lle r  r o o ts .
x =
CO ' - 0 . 5 O'
,  r  =
' 10 '
0
* c 1 0
’ c
0
H = [ 0  1] [3-72]
F ig u re  [ 3 -1 3 ]  s h o w s  a  p o r tio n  o f  th e  N y q u is t  p lo t  fo r  th e  tw o  c o n tr o lle r s  ju s t  
d e sc r ib e d  c e n tr e d  a ro u n d  th e  -1  p o in t. T h e  firs t o b se r v a tio n  th a t c a n  b e  rea d ily  m a d e  
fro m  th e  p lo t  is  th e  r e d u c e d  s iz e  o f  th e  e x c lu s io n  r e g io n , w h ic h  p e r ta in s  to  th e  d isc r e te  
natu re o f  th e  d e s ig n . T h e  c ir c le  la b e lle d  'G am m a C ircle ' in sc r ib es  a  r e g io n  o f  e x c lu s io n  
fo r  th e  N y q u is t  c o n to u r . T h is  c ir c le  is  a c o n s e q u e n c e  o f  th e  c o n d it io n  fo r  o p tim a lity  
( s e e  s e c t io n  3 .2 .1 .1 ) .  T h e  m in im u m  g u a ra n teed  r o b u s tn e ss  b o u n d s  f o r  th e  d isc r e te  
t im e  sy s te m  are le s s  than  th a t fo r  th e  e q u iv a le n t  c o n t in u o u s  t im e  s y s te m . F o r  th is  
p a rticu la r  c h o ic e  o f  sa m p le  fr eq u e n c y  and  c o n tr o lle r  b a n d w id th  th e  m in im u m  
r o b u s tn e s s  b o u n d s  are  g iv e n  in  T a b le  [ 3 - 3 ] .  R e c a ll th a t th e  p h a se  m a rg in  is  g iv e n  by  
th e  a n g le  F -O -B , th e  g a in  m a rg in  is  g iv e n  b y  th e  ratio  o f  F - 0  o v e r  F -G . T h e  d o w n s id e  
g a in  m a r g in  is  th e  r e c ip r o c a l o f  th e  p o in t  a t w h ic h  th e  s e c o n d 5 c r o s s in g  o f  th e  r ea l a x is  
o c c u r s .
F ro m  th e  f ig u r e  it  is  a ls o  fu rth er  e v id e n t  th a t th e  N y q u is t  p lo t  fo r  th e  L Q  c o n tr o lle r ,  
r em a in s o u ts id e  th e  G a m m a  c ir c le , and  h e n c e  it  is  o p tim a l. T h e  r o b u s tn e ss  b o u n d s  fo r  
th is c o n tr o lle r  are a ls o  c o n ta in e d  in  T a b le  [3 - 3 ] .  In  c o n tr a s t  h o w e v e r  th e  N y q u is t  p lo t  
fo r  th e  L Q G  c o n tr o lle r  fa lls  in s id e  the G a m m a  c ir c le , c o n s e q u e n t ly  th e  c o n tr o lle r  is  n o  
lo n g e r  an  o p tim a l c o n tr o lle r . A s  a r esu lt o f  th is lo s s  in  o p tim a lity  th e  r o b u s tn e ss  
b o u n d s  h a v e  b e e n  g r ea tly  r e d u c e d  (T a b le  [ 3 - 3 ] ) .
5The crossing at die origin is not considered in this case to be a crossing.
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Fig. [3-13] Nyquist plot for LQ and LQG controllers.
Im p le m e n ta tio n  P h a se  M a rg in  G a in  M a rg in  (G M ) D o w n  S id e  G M
M in im u m 5 4 .2 ° 2 1 .0 9  d B - 5 .6 2 8
L Q 6 1 .5 ° 2 1 .0 9  d B 0
L Q G 3 1 .8 ° 7 .8 0  d B 0
L Q G /L T R 4 3 .5 ° 1 6 .0  d B 0
L Q G /L T R  D K S 5 3 .2 ° (o °) 0
Table [3-3] Robustness properties.
3.3.3 Robustness Recovery.
D o y le  a n d  S te in  in  [D o y le  7 9 ]  d e v ise d  a re la tiv e ly  s im p le  p r o c e d u r e  fo r  e s t im a to r  
d e s ig n  su c h  th a t fu ll lo o p  r e c o v e r y  ta k e s  p la c e  fo r  m in im u m  p h a se  p la n t  m o d e ls .  T h is  
r o b u s tn e s s  r e c o v e r y  p r o c e d u r e  is  referred  to  as 'L o o p  T r a n sfe r  R e c o v e r y ' (L T R ) . T h e  
p r o c e d u r e  e x p lo it s  th e  a sy m p to tic  p ro p er tie s  o f  th e  c o n t in u o u s  t im e  e q u iv a le n t  o f  
e q u a t io n  [3-69] [A th a n s  86]. T h a t is , th e  o p e n  lo o p  g a in  tr a n sfe r  fu n c t io n  fo r  th e  
L Q G  design converges to  th a t o f  the L Q  d e s ig n  as th e  e s t im a to r  d e s ig n  p a ra m eter  
a p p r o a c h e s  in fin ity . T h e  d iffe r e n c e  b e tw e e n  th e  L Q G  lo o p  tra n sfer  an d  th e  L Q  lo o p  
tr a n sfe r  is  r eferred  to  a s  th e  r e c o v e r y  error. A  d u a l r e c o v e r y  p r o c e d u r e  a ls o  e x is t s  fo r
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L Q G  c o n tr o lle r  d e s ig n  in  ord er  to  r e c o v e r  o u tp u t  r o b u s tn e ss . T h is  s e c t io n  w i l l  o u tlin e  
th e  p h ilo s o p h y  b eh in d  th e se  r e c o v e r y  p r o c e d u r e s  an d  p r e se n t  a  d is c r e te  tim e  
e q u iv a le n t  r e c o v e r y  p r o c e d u r e . It w il l  b e  s h o w n  th a t fu ll r o b u s tn e ss  r e c o v e r y  is  n o t  
n e c e s sa r ily  a v a ila b le  fo r  th e  d isc r e te  im p le m e n ta tio n . T h e  p r o c e d u r e s  th e m s e lv e s  w ill  
b e c o m e  part o f  th e  h e u r istic  tu n in g  p r o c e d u r e  fo r  th e  o v e r a ll  c lo s e d  lo o p  sy s te m .  
S u b s e q u e n t  s e c t io n s  w il l  p r o v id e  im p r o v e d  r e c o v e r y  p r o c e d u r e s  w h ic h  lim it  th e  
b a n d w id th  o f  th e  e s tim a to r , th e r eb y  im p r o v in g  n o is e  a tten u a tio n .
3.3.3.1 Loop Transfer Recovery (LTR).
T h e  c a u s e  o f  th e  L Q G  d e sig n 's  r o b u stn e ss  d e g r a d a tio n  is  a  m ism a tch  b e tw e e n  th e  
a c tu a l in p u t  to  th e  p la n t and  th e  in p u t to  th e  e s tim a to r . T h is  is  b e c a u se  o f  th e  p r e se n c e  
o f  th e  n o n lin ea r ity  o r  an  u n m o d e lle d  d y n a m ic . T h e  r e c o v e r y  p r o c e d u r e  m in im ise d  th e  
d e p e n d e n c e  o f  th e  e s t im a to r  o n  th e  o u tp u t fr o m  th e  c o n tr o lle r . F ig u re  [ 3 - 1 4 ]  c le a r ly  
d e p ic ts  th is d e p e n d e n c e , w h e r e  th e  c o n tr o lle r  o u tp u t  is  fe e d in g  b a c k  in to  th e  
e s t im a to r . T h e  c o n t in u o u s  L T R  p r o c ed u r e  in v o lv e s  a p p ly in g  a f ic t it io u s  n o is e  s o u r c e  
to  th e  in p u t  o f  th e  p la n t in  th e  e s t im a to r  d e s ig n . A s  th e  a m p litu d e  o f  th e  in je c te d  n o is e  
b e c o m e s  in fin ite  in  in te n s ity , th e  L Q G  o p e n  lo o p  tra n sfer  fu n c tio n  a p p r o a c h e s  th a t o f  
th e  L Q  d e s ig n  and  w ith  th is lo o p  r e c o v e r y  ta k e s  p la c e . T h is  r e su lts  in  an  e s t im a to r  
th a t w e ig h ts  th e  m e a su r e  in fo r m a tio n  m o r e  h e a v ily , th u s r e d u c in g  th e  d e p e n d e n c e  o n  
th e  p la n t in p u t. T h e  d isc r e te  t im e  L T R  p r o c e d u r e  is  m u c h  th e  sa m e  as th e  c o n t in u o u s  
t im e , e x c e p t  in  th is c a se  fu l l  r e c o v e r y  is  o n ly  a v a ila b le  fo r  p articu lar  K a lm a n  fo r m s .
O)
ip ( . ) - 2 - ^ g M
Fig. [ 3 - 1 4 ]  LQG Robustness degradation.
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T h e  L Q G  d e s ig n  an d  r o b u stn e ss  r e c o v e r y  p r o c e d u r e  fo r  a  S I S O  s y s te m  c a n  be  
su m m a r ise d  as fo l lo w s :
•  D e s ig n  a L Q  c o n tr o lle r  g iv e n  th e  a v a ila b le  n o m in a l p la n t in fo r m a tio n . C h o o s e  a  
L Q  d e s ig n  p a ra m eter  that g iv e s  a  sa t is fa c to r y  r e sp o n se .
•  D e s ig n  a K a lm an  e s t im a to r  g iv e n  a v a ila b le  n o m in a l p la n t in fo r m a tio n , and  
s to c h a s t ic  p r o c e s s  an d  m e a su r e m e n t n o is e  in fo r m a tio n .
•  E x a m in e  th e  p a ssb a n d  in p u t /  o u tp u t  r o b u s tn e ss  o f  th e  c o m b in e d  L Q G  sy s te m  
u s in g  e q u a tio n  [ 3 - 6 9 ] ,
•  T o  r e c o v e r  r o b u s tn e s s , in c re a se  th e  p r o c e s s  n o is e  c o v a r ia n c e  m a tr ix  u s in g  
e q u a tio n  [ 3 - 7 3 ] ,  w h e r e  k d e sc r ib e s  th e  r e c o v e r y  ite r a t io n , B th e  p la n t in p u t  
c o u p lin g  m atrix  and  is  th e  n o m in a l p la n t n o is e  c o v a r ia n c e  m a tr ix . U s e  th is  
u p d a te d  n o is e  c o v a r ia n c e  m atrix  in  a  r e d e s ig n  o f  th e  K a lm an  e s t im a to r , a n d  r e p e a t  
th e  e x a m in a t io n  p r o c e s s  a b o v e .
•  I f  r o b u s tn e ss  r e c o v e r s  to  w ith in  a  sa t is fa c to r y  lim it  o f  th e  p a ssb a n d  in p u t  
r o b u s tn e ss  o f  L Q  d e s ig n  g iv e n  b y  e q u a tio n  [ 3 - 6 4 ] ,  h a lt  th e  r e c o v e r y  p r o c e d u r e .
Qk =Qn+(lkBBT f°r ? * = [ !  10 100  -  °° ] [ 3 - 7 3 ]
N o t e  th a t i f  th e  b a n d w id th  o f  th e  n o m in a l e s t im a to r  d e s ig n  is  le s s  than  th e  b a n d w id th  
o f  th e  n o m in a l L Q  d e s ig n  it  is  q u ite  lik e ly  th a t r o b u s tn e ss  w i l l  d is im p r o v e  u n til  su c h  
t im e  a s th e  r e c o v e r y  p r o c ed u r e  d r iv es  th e  e s t im a to r  b a n d w id th  b e y o n d  th a t o f  th e  L Q  
d e s ig n . T h e  r o b u s tn e ss  b o u n d s h a v e  a  lo c a l  m in im u m  in  a r e g io n  w h e r e  th e  e s t im a to r  
an d  L Q  b a n d w id th  are sim ilar . F or  th e  L Q G  s y s te m , w h e r e  th e  b a n d w id th  o f  th e  
e s t im a to r  is  le s s  th an  th a t o f  th e  L Q  c o n tr o lle r , th e  r e s p o n s e  o f  th e  c a s c a d e d  s y s te m  is 
d o m in a te d  b y  th e  e s t im a to r  d e s ig n
A  d u a l r e c o v e r y  p r o c e d u r e  e x is ts  fo r  r e c o v e r in g  o u tp u t  r o b u s tn e ss  o r  s e n s it iv ity . T h is  
r e c o v e r y  p r o c e d u r e  in v o lv e s  m an ip u la tin g  th e  L Q  c o s t  fu n c tio n  w e ig h ts  an d  u s in g  
th e se  n e w  w e ig h ts  in  th e  L Q  r ed es ig n . E q u a tio n  [ 3 - 7 4 ]  r ep re se n ts  th e  q u a d r a tic  c o s t  
fu n c t io n  w e ig h t  u p d a te  fo r  th e  kP1- iter a tio n , w h e r e  H is  th e  m e a su r e m e n t c o u p lin g  
m a tr ix . F o r  S I S O  s y s te m s  th e  in p u t r o b u s tn e ss  and  o u tp u t  r o b u s tn e ss  o r  se n s it iv ity ,  
c a n  b e  r e p r e se n te d  b y  th e  sa m e  s e t  o f  e q u a tio n s . T h u s th e  o u tp u t  s e n s it iv ity  r e c o v e r y  
p r o c e d u r e  r ea lly  w o r k s  a g a in s t  th e  in p u t r o b u s tn e ss  r e c o v e r y  p r o c e d u r e . F o r  g o o d  
s e n s it iv ity  th e  c o n tr o lle r  lo o p  g a in  m u st be h igh  ( s e e  T a b le  [ 3 - 2 ] ) ,  w h e r e a s  fo r  g o o d  
L Q G  r o b u s tn e s s  th e  e s t im a to r  b a n d w id th  m u s t  be h ig h er  than  th e  b a n d w id th  o f  th e  
L Q  c o n tr o lle r .
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T h e  se n s it iv ity  r e c o v e r y  p r o c ed u r e  in th is p articu lar  a p p lic a t io n  is  v ie w e d  a s  a  m ea n s  
o f  se t t in g  o r  s e le c t in g  a  su ita b le  r e sp o n se  a n d /o r  p e r fo r m a n c e . E q u a tio n  [ 3 - 7 4 ]  w ill  
fea tu re  a s  a  r e f in e d  v e r s io n  o f  th e  L Q  h e u r istic  tu n in g  p a ra m eter  p , o f  s e c t io n  3 .1 .1 .
a . ,  = a ,  +q„HrH for q, = [ l  1 0  1 0 0  . . .  ~ ]  [ 3 - 7 4 ]
F ig u re  [ 3 - 1 5 ]  s h o w s  lo o p  r e c o v e r y  ta k in g  p la c e  fo r  th e  L Q G  d e s ig n  e x a m p le  o f  
s e c t io n  3 .3 .2 .  I t  b e c o m e s  a p p aren t fro m  th e  f ig u r e  th a t fu ll r o b u s tn e ss  r e c o v e r y  d o e s  
n o t  ta k e  p la c e . T h e r e  is  h o w e v e r  a  s ig n if ic a n t  im p r o v e m e n t in  r o b u s tn e s s , th e  
r o b u s tn e s s  p r o p e r tie s  are c o n ta in e d  in  T a b le  [3 -3 ]  (L Q G /L T R ). A  fu r th er  lim itin g  
fa c to r  in  th e  r e c o v e r y  o f  r o b u stn e ss  is  a  r e d u c tio n  in  th e  n o is e  a tte n u a tio n  p r o p e r tie s  
o f  th e  e s t im a to r . R o b u s tn e s s  im p r o v em e n ts  are s o u g h t  a t th e  e x p e n s e  o f  th e  n o is e  
su p p r e ss io n .
F ig .  [ 3 - 1 5 ]  L Q G /L T R  p r e d ic t o r  c o r r e c t o r  e s t im a t o r .
T h e  a b s e n c e  o f  fu ll r e c o v e r y  is  aga in  a  c o n s e q u e n c e  o f  th e  d isc r e te  n a tu re  o f  th e  
d e s ig n . F u r th er  r o b u s tn e ss  c a n  be o b ta in e d , b y  r e v ie w in g  th e  c h o ic e  o r  fo r m  o f  th e  
K a lm a n  e s t im a to r . S e c t io n  3 .4  r e v ie w s  th e  a v a ila b le  K a lm an  f ilte r  fo r m s . T h r e e  fo r m s  
are d e sc r ib e d , th e  K alm an  s in g le -s ta g e  p r e d ic to r , th e  K a lm an  p r e d ic to r -c o r r e c to r  and
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th e  K a lm a n  sm o o th e r . T h e  p r e d ic to r -c o r r e c to r  im p le m e n ta tio n  e x h ib its  a  su p e r io r  
t im e  r e s p o n s e  o v e r  th e  o th e r  im p lem e n ta tio n s . M a c ie jo w s k i in  [M a c ie jo w s k i 86 ] 
s h o w e d  th a t fu ll r o b u s tn e ss  r e c o v e r y  c a n  ta k e  p la c e  fo r  an y  s ta b le  o b s e r v e r  o f  th e  
fo rm  g iv e n  b y  e q u a tio n s  [ 3 - 7 5 ]  and  [ 3 -7 6 ]  p r o v id e d  th a t th e  g a in s  Lp a n d  IS sa t is fy  
e q u a t io n  [ 3 - 7 7 ] ,  T h e  K alm an  sm o o th er6 is  a  su b s e t  o f  th is r o b u s t  o b s e r v e r  d e s ig n .  
M a c ie jo w s k i  and  Ish ih ara  in  [Ish ih ara  86 ] s h o w  th a t fu l l  r o b u s tn e ss  is  n o t  a v a ila b le  fo r  
th e  K a lm a n  p r e d ic to r  a n d  p r e d ic to r -co r re c to r  im p le m e n ta t io n s .
A t  th is s ta g e  in  th e  d e s ig n , a  d e s ig n  tr a d e -o f f  h as to  b e  m a d e  b e tw e e n  d istu rb a n c e  
r e s p o n s e  and  sy s te m  r o b u s tn e ss  /  s e n s it iv ity  m a rg in s. T h e  d e c is io n  w il l  le a d  to  a  
p a rticu la r  d isc r e te  K a lm an  filter  (D K F ) im p le m e n ta tio n . In  s o m e  s itu a t io n s  th e  
d e s ig n e r  m a y  n o t  e v e n  h a v e  a sa y  in  th is d e c is io n  m a k in g  p r o c e s s . I f  th e  
c o m p u ta t io n a l t im e  fo r  th e  c o m p e n sa to r  is  a  s ig n if ic a n t  p o r t io n  o f  th e  sa m p le  in te rv a l,  
th e  d e s ig n e r  m a y  b e  fo r c e d  to  u s e  th e  s in g le - s ta g e  p r e d ic to r  K a lm a n  im p le m e n ta t io n  
and  a c c e p t  f in ite  r e c o v e r y  m a rg in s.
•**+i|* =  +  +  Lp{zk -  ) [ 3 - 7 5 ]7
*k\k =  + L [¿k ~ H *k\ji- \ ) [ 3 - 7 6 ]
If =  <DLC [ 3 - 7 7 ]
F o r  th e  d isc r e te  t im e  in var ian t K alm an  (D T I K ) s m o o th e r  im p le m e n ta t io n  th e  L Q G  
c o n tr o lle r  is  d e p ic te d  in  F ig u re  [3 -1 6 ] .  B y  su b stitu tin g  th e  c o n tr o lle r  d e sc r ip t io n  g iv e n  
in  e q u a t io n  [ 3 - 7 8 ]  in to  e q u a tio n  [ 3 - 7 5 ]  and  th en  u s in g  e q u a t io n s  [ 3 - 7 6 ]  and  [ 3 - 7 7 ] ,  a  
s ta te  s p a c e  r e a lisa tio n  o f  th e  c o m p e n sa to r  c a n  b e  fo u n d  [ 3 - 7 9 ] .  T h e  tra n sfer  fu n c tio n  
r e p r e se n ta t io n  fo r  th is L Q G  c o n tr o lle r  is  g iv e n  b y  e q u a tio n  [ 3 - 8 0 ] .  T h e  c o r r e s p o n d in g  
lo o p  tr a n sfe r  fo r  th is sy s te m  w ith  th e  lo o p  b ro k en  at th e  p o in t  X  is  g iv e n  b y  e q u a t io n  
[ 3 - 8 1 ] .  I t  i s  th is  e q u a tio n  w h ic h  is  u se d  in  th e  L T R  sta te  o f  th e  L Q G  d e s ig n .
uk = -Kxq k [ 3 - 7 8 ]
6 Note that in the context of control the Kalman gain is represented by the symbol L to avoid 
confusion with the controller feedback gain K.
7 Note that there is a slight change in notation 3  xk and x^ k_{ =  xk . This more conventional
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Controller
F ig .  [ 3 - 1 6 ]  L Q G  w it h  D T I K  S m o o t h e r .
F ig u r e  [ 3 - 1 7 ]  r ep re se n ts  a  N y q u is t  p lo t  a s  r o b u s tn e ss  r e c o v e r y  ta k e s  p la c e  fo r  th e  
L Q G  c o n tr o lle r  w ith  th e  K a lm an  p r e d ic to r -c o r r e c to r  s m o o th in g  c o m p e n s a to r . F ro m  
th e  p lo t  i t  is  ap p a ren t th a t th is  c o m p e n sa to r  str u c tu r e  e x h ib its  su p e r io r  r o b u s tn e ss  
r e c o v e r y  p r o p e r tie s  w h e n  c o m p a r e d  a g a in st  th e  o th e r  str u c tu r e s . T h e  f in a l r o b u s tn e ss  
v a lu e s  are  c o n ta in e d  in T a b le  [3 -3 ] .  N o t e  th a t th e  in fin ite  g a in  m a rg in  h a s b een  
r e a lis e d  in  th is p a rticu la r  im p lem e n ta tio n . F ig u re  [ 3 - 1 8 ]  s h o w s  th e  r e a lisa t io n  o f  th is  
in fin ite  g a in  m arg in  m o r e  c le a r ly . T h is  f ig u r e  is  a  c le a r e r  p lo t  o f  th e  N y q u is t  c o n to u r  
a ro u n d  th e  o r ig in  o f  F ig u re  [ 3 - 1 7 ] ,  o n ly  th e  f in a l  L Q G /L T R  N y q u is t  p lo t  is  s h o w n .
A lth o u g h  th e  g a in  m arg in  in  th is e x a m p le  h as b een  fu lly  r e c o v e r e d , th e  c o s t  o f  th is  
r e c o v e r y  is  f e lt  in  term s o f  a  r ed u c ed  d istu rb a n ce  n o is e  a tte n u a tio n  in  th e  c lo s e d  lo o p  
s y s te m . In a p ra c tica l s itu a tio n  th e  d e s ig n e r  m u s t  o f te n  sa c r if ic e  fu ll r e c o v e r y  fo r  
im p r o v e d  d istu rb a n c e  a tte n u a tio n . T h e  e s t im a to r  g a in  u s e d  in  th e  tw o  L Q G /L T R
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d e s ig n s  is  th e  sa m e . It is  th u s e v id e n t  th a t th e  K a lm an  s m o o th e r  im p le m e n ta tio n  
e x h ib its  su p e r io r  r o b u stn e ss  p ro p er tie s  fo r  a  g iv e n  d is tu rb a n c e  n o is e  a tten u a tio n  le v e l .
I f  th e  c o m p u ta t io n a l o v e r h e a d  is  n o t  a  prim ary  c o n s id e r a t io n  in  th e  d e s ig n  th en  th e  
d e s ig n e r  c o u ld  im p r o v e  th e  r o b u stn e ss  b o u n d s  b y  in c r e a s in g  th e  sa m p le  fr eq u e n c y . 
N o t e  th a t a s  th e  sa m p le  fr e q u e n c y  in  in c r e a se d , a ll th ree  K a lm an  fo r m s  b e c o m e  b e tter  
a p p r o x im a tio n s  to  th e  c o n t in u o u s  t im e  im p lem e n ta tio n . In d e e d  it  w o u ld  a p p ea r  th a t  
th e  r o b u s tn e ss  c o n v e r g e n c e  p ro p er tie s  o f  th e  K a lm a n  im p le m e n ta t io n  are a  fu n c t io n  o f  
7  fro m  se c t io n  3 .2 .1 .1 .  T h u s fo r  a h igh  sa m p le  fr e q u e n c y  an d  a  lo w  c o n tr o lle r  
b a n d w id th  th e  r o b u s tn e ss  c o n v e r g e n c e  p ro p e r tie s  o f  th e  K a lm an  p r e d ic to r -c o r r e c to r  
f ilte r  im p le m e n ta tio n  ca n  b e  im p r o v ed .
F ig .  [ 3 - 1 7 ]  N y q u i s t  p l o t  f o r  L Q G /L T R  w ith  D T I K  S m o o t h e r .
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Real Part
Fig. [ 3 - 1 8 ]  Nyquist plot at the origin showing infinite gain margin recovery.
3.3.3.2 Performance Costs.
In  th e  p r e c e d in g  s e c t io n s , th e  e x is te n c e  o f  a  t r a d e -o f f  b e tw e e n  r o b u s tn e s s  /  
p e r fo r m a n c e  h as b e e n  s ta te d . U s in g  th e  N y q u is t  p lo t  fo r  th e  d if fe r e n t  c o n tr o lle r  
s tr u c tu r e s , r o b u s tn e ss  c o m p a r iso n s  c a n  b e d raw n  b e tw e e n  th e  s tr u c tu r e s . T h is  s e c t io n  
d e v e lo p s  th e  te c h n iq u e s  req u ired  to  m a k e  p e r fo rm a n c e  c o m p a r is o n s  b e tw e e n  d iffe re n t  
s y s te m s . T h r e e  a s p e c ts  o f  p er fo rm a n ce  w ill  b e  c o n s id e r e d  c o s t ,  d istu rb a n c e  
a tten u a tio n  a n d  n o is e  su p p r e ss io n .
R e c a ll  th a t  th e  p h ilo s o p h y  su rrou n d in g  th e  d e s ig n  o f  a  L Q  c o n tr o lle r  in v o lv e s  th e  
m in im isa tio n  o f  a  lin ea r  q u ad ra tic  c o s t  fu n c tio n  [ 3 - 1 ] .  T h u s fo r  a  g iv e n  s e q u e n c e
[* *  MJt] p e r fo r m a n c e  c o s t  b a sed  o n  th is c o s t  fu n c t io n  c a n  b e  e v a lu a te d . T h e
n o m in a l L Q  c o n tr o lle r  w ill  b e  u se d  as a  b a sis  fo r  th is c o s t  e v a lu a t io n . T h e  L Q  c o s t  
fu n c t io n  r e p r e se n ts  th e  tim e  d o m a in  c o s t  o f  a  co n tr o ller 's  r e s p o n s e . T h e  o u tp u t  
d is tu r b a n c e  r e s p o n s e  o f  e a c h  sy s te m  w ill  b e  u se d  as a  c o m m o n  r e fe r e n c e  fro m  w h ic h  
c o s t  c o m p a r is o n s  c a n  ta k e  p la c e .
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T h e  s ta te  s p a c e  r ea lisa tio n  o f  th e  p re d ic to r , p r e d ic to r -c o r r e c to r  and  s m o o th e r  
c o m p e n s a to r  str u c tu r es  are r ep ro d u c ed  b e lo w  fo r  c la r ity  in  e q u a t io n s  [ 3 - 8 2 ] ,  [ 3 - 8 3 ]  
a n d  [ 3 - 8 4 ] .  T h e  c lo s e d  lo o p  r e s p o n s e  to  a  s te p  c h a n g e  in  o u tp u t  d is tu r b a n c e  c a n  be  
r ea d ily  o b ta in e d  b y  a u g m e n tin g  th e se  s ta te  s p a c e  im p le m e n ta tio n s  w ith  th e  p lan t  
m o d e l. E q u a tio n  [ 3 - 8 5 ]  d e sc r ib e s  th is a u g m e n te d  s y s te m , w h e r e  e a c h  c o m p e n s a to r  is  
d e sc r ib e d  b y  an  A B C D  sta te  sp a c e  sy s te m  m o d e l  and  th e  p la n t is  d e sc r ib e d  b y  a  O T H  
s ta te  s p a c e  m o d e l. .T h e  p e r fo rm a n c e  c o s t s  are o b ta in e d  b y  su m m in g  th e  resu ltin g  
[xk uk\ r e sp o n se , su b je c t  to  th e ir  r e s p e c t iv e  c o n tr o lle r  w e ig h t in g s 8.
T a b le s  [3 -5 ]  to  [3 -7 ]  s h o w  th e  c o s t s  o f  th e  th ree  c o m p e n s a to r  im p le m e n ta t io n s , a t  
d iffe r e n t  s ta g e s  o f  th e  L T R  p r o c ed u r e  fo r  th e  p r e c e d in g  e x a m p le . T h e  c o s t s  in  th e se  
ta b le s  are n o r m a lised  b y  th e  c o s t  o f  th e  n o m in a l L Q  c o n tr o lle r . T h e  in fo r m a tio n  in  th e  
ta b le s  c a n  b e su m m a rise d  a s f o l lo w s . F o r  th e  d isc r e te  K a lm a n  s m o o th e r  (D K -  
S m o o th e r )  im p lem e n ta tio n  th e  p er fo rm a n ce  c o s t s  in c r e a se  a s  r e c o v e r y  ta k e s  p la c e  
w h e r e a s  fo r  th e  p r e d ic to r  and p r e d ic to r -c o r r e c to r  im p le m e n ta tio n s  c o s t s  r e d u c e  as 
r e c o v e r y  ta k e s  p la c e .
P r e d ic to r  c o m p e n sa to r 9:
xk = ( c t>-LpH-TK  
uk = -Kxk
P r e d ic to r -c o r r e c to r  c o m p e n sa to r :
i . =  (<D- LCHG>-TK + LcHTK)xk . +  Lcyk
[ 3 - 8 3 ] 10
uk =-Kxk 
S m o o th e r  c o m p e n sa to r :
[ 3 - 8 4 ] 11
uk= K ( l-U H  +  KL‘y,
8 See Matlab function costs.m, listed in Appendex B.
9 The Predictor compensator, hasn't appeared in this text before, but can be readly derived using the 
Kalman form #1 structure.
10 This equation is a redraft of equation [3-651.
11 This equation is a copy of equation [3-79]
)xk_l +Lpyk_ i
[ 3 -8 2 ]
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A  BH
*kH = _T C  q _ t d h  ** +
BH ' 
-TDH y> [3-85]
uk=[DH -C]xk + Dyr
T h e  d is tu rb a n c e  a tten u a tio n  and  n o ise  su p p r e ss io n  a sp e c ts  o f  p e r fo r m a n c e  c a n  b e  
d e sc r ib e d  in  term s o f  th e  se n s it iv ity  and  c o m p le m e n ta r y  s e n s it iv ity  fu n c tio n s  
d e v e lo p e d  in  s e c t io n  3 .2 .2 .  T a b le  [3 -2 ]  c o n ta in s  a  su m m a ry  o f  th e  d e s ir a b le  p r o p e r tie s  
o f  th e s e  fu n c tio n s . F ig u re  [ 3 -1 9 ]  s h o w s  a d e lta  p lo t  f o r  th e  s e n s it iv ity  (S )  and  
c o m p le m e n ta r y  se n s it iv ity  fu n c tio n  (T ) a t d iffe re n t s ta g e s  o f  th e  lo o p  r e c o v e r y  f o r  th e  
K a lm a n  s m o o th e r  im p lem e n ta tio n . F ig u re  [ 3 -2 0 ]  is  th e  c o r r e s p o n d in g  se n s it iv ity  p lo t  
fo r  th e  L Q  c o n tr o ller . S e v e r a l im p o r ta n t o b se r v a tio n s  c a n  b e  m a d e  fr o m  th e s e  p lo ts .
A s  r e c o v e r y  ta k e s  p la c e  b o th  th e  se n s it iv ity  and  c o m p le m e n ta r y  s e n s it iv ity  p lo ts  
a d v a n c e  fo r w a r d  in  fr e q u e n c y . C o n s id e r  tw o  f ix e d  p o in ts  in  fr e q u e n c y  a t  2 0  R a d /S e c  
a n d  5 0 0  R a d /S e c . A s  r e c o v e r y  ta k e s  p la c e  th e  d istu rb a n c e  a tte n u a tio n  p r o p e r t ie s  o f  
th e  L Q G  sy s te m  im p r o v e . T a b le s  [ 3 - 5 ]  to  [3 - 7 ]  r e f le c t  th e  im p r o v e m e n t  in  
d is tu r b a n c e  a tte n u a tio n  fo r  th e  th ree L Q G  c o m p e n sa to r  im p le m e n ta t io n s . T h e  
a tte n u a tio n  f ig u r e s  g iv e n , are th o s e  fo r  a  d istu rb a n ce  w ith  a  fr e q u e n c y  o f  20 
R a d s /S e c .
H o w e v e r  as r e c o v e r y  ta k e s  p la c e  th e  n o is e  su p p r e ss io n  p r o p e r t ie s  o f  th e  L Q G  
c o n tr o lle r  d e te r io r a te . T h e  ta b les  a lso  r e f le c t  th is d e te r io r a t io n  a s s e e n  fo r  a  n o is e  
s ig n a l w ith  a  fr e q u e n c y  o f  5 0 0  R a d s /S e c . F o r  a  sy s te m  s p e c if ic a t io n  e x p r e s s e d  in  
term s o f  n o is e  o r  d istu rb a n c e  a tten u a tio n  v a lu e s , th e  s e n s it iv ity  and  c o m p le m e n ta r y  
s e n s it iv ity  fu n c t io n s  c a n  b e  u se d  to  h a lt th e  L T R  p r o c e d u r e . T h is  d e s ig n  p r o c e s s  






Fig. [3-19] Sensitivity plot for LQG(DK-Smoother)/LTR
Fig. [3-20] Sensitivity plot for LQ compensator
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F ro m  th e  tw o  f ig u r e s  a  fu rth er  v e ry  im p o rta n t o b se r v a tio n  c a n  b e  m a d e , r eg a r d in g  th e  
r e s p e c t iv e  r o l l -o f f  ra tes  o f  c o m p le m e n ta r y  se n s it iv ity  fu n c t io n s  fo r  th e  L Q  a n d  L Q G  
d e s ig n s . It is  im m e d ia te ly  o b v io u s  th a t th e  L Q G  d e s ig n  e x h ib its  su p e r io r  r o l l - o f f  ra tes. 
T h is  w o u ld  m a k e  in tu it iv e  s e n s e  in  l ig h t o f  th e  in c r e a se d  o r d e r  o f  th e  L Q G  d e s ig n . A s  
r e c o v e r y  ta k e s  p la c e  th is su p e r io r ity  o f  th e  L Q G  d e s ig n  is  lo s t  a t o r  a ro u n d  th e  c r o s s ­
o v e r  fr e q u e n c y . It  is  la ter  r eg a in e d  fo r  fr e q u e n c ie s  o u ts id e  th e  b a n d w id th  o f  th e  
e s t im a to r . T h e  lo s s  o f  th is  su p er io r ity  y e t  a g a in  p o s e s  a n o th e r  h a lt in g  c o n s tr a in t  in  th e  
L T R  d e s ig n  p ro c ed u r e .
T h e  r o b u s tn e ss  im p r o v e m e n ts  as th e  L T R  p r o c ed u r e  a d v a n c e s  is  fu r th er  e v id e n t  from  
th e  r e d u c e d  o v e r s h o o t  o f  th e  se n s it iv ity  an d  c o m p le m e n ta r y  se n s it iv ity  fu n c tio n s .  
R e c a ll  th e  r ea so n  fo r  th e  fa ilu r e  o f  th e  d e s ig n  e x a m p le  in  s e c t io n  3 .2 .3 .  T h e  r o b u s tn e ss  
b o u n d s  e s ta b lish e d  in  s e c t io n  3 .2 .3 ,  w h e n  u se d  as a  d e s ig n  c r ite r io n , p r o v id e  a n o th er  
h a lt in g  c r iter io n  fo r  th e  L T R  d e s ig n  p ro ced u re .
T h e  se n s it iv ity  p lo ts  fo r  th e  p r e d ic to r -c o r r e c to r  and  p r e d ic to r  im p le m e n ta tio n s  are  
g iv e n  in  f ig u r e s  [3-21] and  [3-22]. B y  c o m p a r in g  th e  p lo ts  o r  c o m p a r in g  th e  
e q u iv a le n t  ta b le s , it  b e c o m e s  a p p aren t th a t th e  d istu rb a n c e  an d  n o is e  su p p r e ss io n  
p r o p e r t ie s  o f  th e se  th ree  im p lem e n ta tio n s  are m o re  o r  le s s  th e  sa m e . T h e  o n ly  n o ta b le  
d if fe r e n c e  b e tw e e n  th e  th ree  im p lem e n ta tio n s  o c c u r s  a t th e  c r o s s -o v e r  fr e q u e n c y . T h e  
D K -S m o o th e r  im p le m e n ta t io n  a t e a c h  s ta g e  in  th e  r e c o v e r y  h as a sm a ller  o v e r s h o o t  
c o m p a r e d  w ith  th e  o th e r  im p lem e n ta tio n s . T h e  D K -P r e d ic to r  c o m p e n s a to r  h a s  the  
g r e a te s t  o v e r s h o o t .
U s in g  th e  r e su lts  fro m  ta b le s  [3-4] to  [3-7] th e  d e s ig n e r  is  fa c e d  w ith  a  d e s ig n  c h o ic e .  
T h e  r o b u s tn e ss  r e su lts  o b ta in e d  fo r  th e  D K -S m o o th e r  c o m p e n s a to r  fo r  th e  th ird  and  
fo u r th  L T R  iter a tio n  are v e ry  a ttra c tiv e , s e e  T a b le  [3-5]. A lth o u g h  th e  p h a se  m argin  
h a sn 't fu lly  r e c o v e r e d  to  th a t o f  th e  o p tim u m  L Q  d e s ig n , i t  is  s t ill  w ith in  th e  b o u n d s  
fo r  'g o o d ' d e s ig n  u s in g  c la s s ic a l sy n th e s is  te c h n iq u e s . T h e  g a in  m a rg in  o n  th e  o th e r  
h an d  e x c e e d s  th e  m in im u m  r eq u irem en ts fo r  o p tim a lity  an d  th e  m a rg in s fo r  th e  
o p tim u m  L Q  d e s ig n . H o w e v e r , th e  c o s t s  o f  th is r o b u s tn e ss  fo r  m o s t  a p p lic a t io n s  is 
to o  h ig h . C o n se q u e n t ly  r o b u stn e ss  sa c r if ic e s  w i l l  h a v e  to  b e  m a d e  to  m e e t  sa t is fa c to r y  
p e r fo r m a n c e  c o s ts .
C o n s id e r  th e  D K -S m o o th e r /L T R  itera tio n  # 2  o r  th e  D K -C u r r e n t/L T R  ite r a t io n  # 4  
d e s ig n s ,  h ere  th e  r o b u s tn e ss  b o u n d s are m o r e  o r  le s s  th e  sa m e  fo r  th e  t w o  sy s te m s  
an d  th e y  are s t ill 'g o o d ' in  term s o f  c la s s ic a l m erits. F u r th erm o re  th e  p e r fo rm a n c e  
c o s t s  are n o w  sa t is fa c to r y , a lth o u g h  th e  D K -C u rr en t c o m p e n sa to r 's  c o s t s  are
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su p e r io r . I f  n o is e  su p p r e ss io n  is  a  prim ary  c o n s id e r a tio n  th e  D K -S m o o th e r /L T R  # 2  
p r o v id e s  su p e r io r  n o ise  su p p r e ss io n , w h e r e a s  th e  D K -C u r r e n t/L T R  # 4  p r o v id e s  
su p e r io r  d is tu r b a n c e  a tten u a tio n .
Fig. [3-21] Sensitivity plot for LQG(DK-predictor-corrector)/LTR compensator
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Fig. [3-22] Sensitivity plot for LQG(DK-predictor) compensator
N o r m a lis e d  C o s t  1
G a in  M a rg in  2 1 .0 9  d B
P h a se  M a rg in  6 1 .5 °
D is tu r b a n c e  A tte n . @ P I  3 1 .3 2  d B
N o is e  S u p p r e s s io n  @ P 2  8 .1 5  d B
Table [3-4] Performance results for LQ compensator
L T R  Ite ra tio n  (k )_ _ _ _ _ _ _ _ _ 1_ _ _ _ _ _ _ _ _ _ 2_ _ _ _ _ _ _ _ _ _ _ _ 3 4
E st. R o o t  L o c a t io n 5 4 ± 5 4 i 9 7 ± 9 6 i 1 7 4 ± 1 7 0 i 3 1 8 ± 2 9 3 i
N o r m a lis e d  C o s t 1 .2 1 9 7 1 .4 4 6 0 2 .4 7 6 4 6 .3 9 9 7
G a in  M a rg in 1 0 .9  d B 1 3 .5  d B 1 8 .3 6  d B 2 4 .5  d B
P h a se  M a rg in 3 5 .8 5 ° 4 0 .4 0 ° 4 5 .8 0 ° 5 0 .0 0 °
D is tu r b a n c e  A tte n . @ P I 2 2 .0 5  d B 2 5 .3 5  d B 2 7 .3 2  d B 2 8 .5 9  d B
N o is e  S u p p r e s s io n  @ P 2 2 2 .0 0  d B 1 5 .0 7  d B 1 1 .3 9  d B 1 0 .5 9  d B
Table [3-5] Performance results for LQG(DK-Smoother)/LTR
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L T R  Ite r a tio n  (k ) 1 2 3 4
E st. R o o t  L o c a t io n 5 4 ± 5 4 i 9 7 ± 9 6 i 1 7 4 ± 1 7 0 i 3 1 8 ± 2 9 3 i
N o r m a lis e d  C o s t 1 .2 2 2 9 1 .2 1 6 6 1 .2 0 4 8 1 .1 9 6 9
G a in  M a rg in 7 .9  d B 9 .2 8  d B 1 1 .5  d B 1 3 .8  d B
P h a se  M a rg in 2 9 .4 8 ° 3 2 .6 9 ° 3 7 .2 ° 4 0 .5 °
D is tu r b a n c e  A tte n . @ P I 2 2 .1 8  d B 2 5 .2 9  d B 2 7 .3 2  d B 2 8 .5 9  d B
N o is e  S u p p r e s s io n  @ P 2 2 2 .3 0  d B 1 5 .3 9  d B 1 1 .2 6  d B 1 0 .0 0  d B
Table [3-6] Performance results for LQG(DK-Current)/LTR
L T R  Ite ra tio n  (k ) 1 2 3 4
E st. R o o t  L o c a t io n 5 4 ± 5 4 i 9 7 ± 9 6 i 1 7 4 ± 1 7 0 i 3 1 8 ± 2 9 3 i
N o r m a lis e d  C o s t 1 .2 4 0 2 1 .2 3 6 1 1 .2 2 5 2 1 .2 1 7 6
G a in  M a rg in 6 .5 7  d B 7 .5 1  d B 8 .9  d B 1 0 .1  d B
P h a se  M a rg in 2 7 .9 ° 3 0 .2 8 ° 3 3 .7 ° 3 6 .2 °
D is tu r b a n c e  A tte n . @ P I 2 1 .2 4  d B 2 4 .2 7  d B 2 6 .1 8  d B 2 7 .3 8  d B
N o is e  S u p p r e s s io n  @ P 2 2 1 .8 8  d B 1 5 .1 8  d B 1 1 .4 5  d B 9 .9 6  d B
Table [3-7] Performance results for LQG(DK-Predictive)/LTR
3.3.3.3 Frequency Shaped Loop Transfer Recovery (FS-LTR).
In  th e  p r e v io u s  s e c t io n  an  a p p ro a ch  to  im p r o v e  th e  r o b u s tn e ss  o f  th e  L Q G  sy s te m  
w a s  a d o p te d . T h is  a p p ro a ch  in c re a se d  th e  d e g r e e  o f  s ta b ility  in th e  e s t im a to r  d e s ig n  
b y  a p p ly in g  an a p p ro p r ia te ly  c o n s tr u c te d  f ic t it io u s  n o is e  s o u r c e  in  th e  s ta te  m o d e l,  
d u rin g  th e  e s t im a to r  d e s ig n . T h e  in te n s ity  o f  th is f ic t it io u s  n o is e  s o u r c e  is  in c r e a se d  
u n til r o b u s tn e ss  is  r e c o v e r e d . T h e  g a in  in  r o b u s tn e ss  p r o p e r tie s  o f  th e  L Q G /L T R  
s y s te m  is  a t th e  e x p e n s e  o f  th e  r ed u c ed  c lo s e d  lo o p  p e r fo rm a n c e  fo r  th e  n o m in a l 
p la n t. T h is  s e c t io n  p r o v id e s  a  m o d if ie d  a p p ro a ch  to  th e  L T R  d e s ig n  p r o c e d u r e  w h ic h  
l im its  th e  p e r fo r m a n c e  c o s ts  o f  th e  L T R  d e s ig n .
T h e  te c h n iq u e  in  th is se c t io n  is  to  c o n s tr u c t  a  n o is e  p r o c e s s  s o  th a t th e  e f fe c t iv e  
e n e r g y  is  p r im a rily  in  th e  fr e q u e n c y  b an d s w h e r e  th e  r o b u stn e ss  p ro p er tie s  are la c k in g ,  
th u s r o b u s tn e ss  im p r o v e m e n ts  c a n  be a c h ie v e d  in th e  n e c e s sa r y  fr e q u e n c y  b an ds  
w ith o u t  a f fe c t in g  th e  c lo s e d  lo o p  c h a r a c te r ist ic s  o u ts id e  th is b an d . T h is  te c h n iq u e  w ill  
p r o v id e  a  sy s te m a tic  a p p ro a c h  to  a c h ie v in g  im p r o v e d  r o b u s tn e ss  an d  p e r fo r m a n c e  
tr a d e -o ffs .
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T h is  im p r o v e d  a p p ro a ch  w a s  d e v e lo p e d  b y  M o o r e  et al in  [M o o r e  8 1 ] ,  th e y  e x te n d e d  
th e  w o r k  o f  D o y le  et al [D o y le  7 9 ] .  M o o r e  et al p r o p o s e d  r e p la c in g  th e  f ic t it io u s  
n o is e  w h ic h  h a s a  w h ite  d istr ib u tio n  w ith  an  a p p ro p r ia te ly  c o n s tr u c te d  n o is e  s o u r c e  
w ith  a  c o lo u r e d  d istr ib u tio n . T h e  f ic t it io u s  c o lo u r e d  n o is e  is  r e p r e se n te d  fo r m a lly , as  
th e  o u tp u t  o f  a  lin ea r  a sy m p to tic a lly  s ta b le  sy s te m  d r iv en  b y  a  w h ite  n o is e  s o u r c e  [3- 
8 6 ] . T h is  n o is e  m o d e l  is  th en  a u g m e n te d  w ith  th e  s to c h a s t ic  m o d e l  f o r  th e  p la n t  g iv e n  
b y  e q u a t io n  [3-87], th e  r esu ltin g  a u g m e n te d  sy s te m  is  d e sc r ib e d  b y  e q u a t io n  [3-88]. 
T h e  a u g m e n te d  m o d e l g iv e n  b y  e q u a tio n  [3-88] is  su b se q u e n tly  u s e d  in  th e  e s t im a to r  
d e s ig n .
xm  = < V * +i + r , , 0) t
[3-861
^k = HnXk +
= ®xk+i+ r («fc+ %k )'+  Geo* 







0 k 0 k _ r„  _
yk=[H 0 ] x t + t ) t
T h e  n e x t  s ta g e  in  th e  d e s ig n  is  to  p a ra m eter ise  th e  c o lo u r  n o is e  m o d e l  [3-86]. In  
p r a c t ic e , i f  th ere  are u n a c c e p ta b ly  p o o r  p h a se  m arg in s in  th e  L Q G  d e s ig n , i t  is 
r e a so n a b le  to  in je c t  f ic t it io u s  p la n t n o ise  in  th e  v ic in ity  o f  th e  c r o s s - o v e r  fr e q u e n c y ,  
a n d  p o s s ib ly  in  a fr e q u e n c y  b an d  w h e r e  th ere  is  h igh  p la n t in p u t (a c tu a to r )  
u n c e r ta in ty , d u rin g  th e  r e c o v e r y  p r o c ed u r e  [A n d e r so n  7 9 ] .  R e c a ll  th a t r o b u s tn e ss  is  
m e a su r e d  in  term s o f  g a in  and  p h a se  m a rg in s, th e s e  m arg in s are d e f in e d  a t th e  c r o s s ­
o v e r  fr e q u e n c y  o f  th e  c lo s e d  lo o p  sy s te m . In a L Q G  d e s ig n , th e  L Q  d e s ig n  d e f in e s  
th is  d e s ir e d  c r o s s -o v e r  fr e q u e n c y , p r o v id e d  th e  n o m in a l e s t im a to r  d o e sn 't  d o m in a te  
th e  c lo s e d  lo o p  r e s p o n s e .
It is  u su a l to  u s e  lo w -o r d e r  h ig h -p a ss , lo w -p a s s  o r  b a n d -p a ss  f ilte r s  d r iv e n  b y  w h ite  
n o is e  in  th e  c o n s tr u c t io n  o f  a  c o lo u r e d  n o ise  so u r c e . In  p articu lar  th e  L T R  p r o c e d u r e  
r eq u ire s  th e  p la n t to  b e  m in im u m  p h a se . S in c e  th is n o is e  m o d e l  w i l l  b e  a u g m e n te d  
w ith  th e  p la n t m o d e l  in  th e  e s t im a to r  d e s ig n , it  is  req u ired  th a t th is  n o is e  m o d e l  is  a lso  
m in im u m  p h a se . A  B u tte r w o r th  filter  d e s ig n  is  an  a ll-p o le  f ilter , its  z e r o s  are a ll a t  
in fin ity  an d  its  p o le s  l ie  o n  th e  u n it c ir c le . T h e  in v e r se  o f  a  B u tte r w o r th  f ilte r  i s  a lso  
s ta b le  a n d  as a  c o n s e q u e n c e  th e  filter  is  m in im u m  p h a se . T h u s a  B u tte r w o r th  filter  
w o u ld  r e p r e se n t  a  su ita b le  c h o ic e  o f  f ilter  d e s ig n  fo r  th is a p p lic a t io n . T h e  o r d e r  an d
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c h o ic e  o f  fr e q u e n c y  ban d  fo r  th e  f ilter  is  a  fu n c tio n  o f  th e  p a rticu la r  a p p lic a t io n . In  
g e n e r a l, a  l o w  p a ss  f ilter  w ith  a c u t - o f f  fr e q u e n c y  c lo s e  to  th a t o f  th e  d e s ir e d  c lo s e d  
lo o p  s y s te m  w o u ld  p r o v id e  b e tter  r o b u s tn e ss  /  p e r fo rm a n c e  t r a d e -o f f  th an  th e  w h ite  
n o is e  c a s e .  T h e  im p r o v e d  r o ll -o f f  ra te  c h a r a c te r is t ic s  o f  th e  o r ig in a l L Q G  d e s ig n  are  
p r e se r v e d  w h e n  lo o p  r e c o v e r y  ta k e s  p la c e  in  a  lo w  fr e q u e n c y  b an d . T h u s  in  th e  
a b s e n c e  o f  a d d itio n a l in fo r m a tio n  su c h  a  lo w -p a s s  f ilter  w o u ld  b e  th e  f ir s t  s ta g e  in  th e  
d e s ig n . T h e  s u c c e s s  o f  a  g iv e n  L Q G  d e s ig n  w i l l  b e  ra ted  in  term s o f  its  r o b u s tn e s s  an d  
p e r fo r m a n c e  c o m p a r e d  to  th o s e  p ro p er tie s  o f  th e  o r ig in a l L Q  d e s ig n .
F ig u r e s  [3-23] and  [3-24] s h o w  th e  N y q u is t  an d  se n s it iv ity  p lo t s ,  fo r  a  s e c o n d  o r d e r  
l o w  p a ss  fr e q u e n c y  sh a p in g  filter . E a ch  f ig u r e  c o n ta in s  tw o  p lo ts  w h ic h  c o r r e s p o n d  to  
th e  t w o  c h o ic e s  o f  c u t -o f f  fr e q u e n c y . T a b le  [3-8] su m m a rise s  th e  p e r fo r m a n c e  and  
r o b u s tn e s s  p r o p e r tie s  o b ta in e d  fro m  th e se  p lo ts . In  th e  p r e v io u s  e x a m p le s , th e  L T R  
in d e x  k w a s  u se d  to  c o rr e la te  th e  p e r fo rm a n c e  r e su lts  fo r  th e  d iffe r e n t  
im p le m e n ta t io n s . In th is s itu a tio n  th e  m o d e l u s e d  in  th e  e s t im a to r  d e s ig n  h a s c h a n g e d  
a n d  h e n c e  th is in d e x  c a n  n o  lo n g e r  be u se d  fo r  c o rr e la tin g  th e  r e su lts . In s te a d  th e  
e st im a to r 's  r o o t  lo c a t io n s  w il l  b e  u sed . B y  c o m p a r in g  th e s e  r e su lts  w ith  T a b le  [3-5] it  
is  a p p a re n t th a t th e  f ir s t  fr eq u e n c y  sh a p e d  d e s ig n  ( 1 2 0 H z )  c o r r e s p o n d s  a p p r o x im a te ly  
to  k = 4 ,  a n d  th e  s e c o n d  fr e q u e n c y  sh a p e d  d e s ig n  (4 0 H z )  c o r r e sp o n d s  a p p r o x im a te ly  to  
k = 3 . F ro m  th e  r esu lts  it  is  a p p aren t th a t th e  fr e q u e n c y  sh a p e d  d e s ig n  w ith  a  lo w  o rd er  
lo w  p a ss  f ilter  e x h ib its  su p e r io r  p h a se  m argin  p r o p e r tie s  fo r  a  g iv e n  e s t im a to r  
b a n d w id th . H o w e v e r  th e  g a in  m argin  has su ffe r e d  d u rin g  th is d e s ig n . T h e  n o is e  
su p p r e s s io n  p r o p e r tie s  a b o u t P 2  h a v e  a lso  d is im p r o v e d . H o w e v e r  th is d e g r a d a tio n  is 
lo c a l  to  P 2  an d  fo r  h ig h e r  fr e q u e n c y  n o ise  th e  n o is e  a tten u a tio n  im p r o v e s .
In  c o n c lu s io n  th e  F S -L T R  d e s ig n  a p p ro a ch  p r o v id e s , in  g e n e r a l, su p e r io r  r o b u s tn e ss  
p r o p e r t ie s  th an  th e  L T R  a p p ro a ch . T h e  su p e r io r  r o l l -o f f  ra te  o f  th e  L Q G  d e s ig n  is  
fu r th e r  im p r o v e d  w ith  th e  in c re a se  in  e s t im a to r  o rd er. H o w e v e r , th ere  is  a  lo s s  o f  
n o is e  s u p p r e ss io n  lo c a l to  th e  c u t - o f f  fr e q u e n c y  o f  th e  fr e q u e n c y  sh a p e d  filter . T h e  
u s e  o f  a  fr e q u e n c y  sh a p e d  filter  w ith  a  f la tter  p a ss-b a n d  r e s p o n s e  w o u ld  le s s e n  th is  
d e g r a d a t io n . T h e r e  is  a lso  a  d e g r a d a tio n  in  th e  t im e  r e s p o n s e  o f  th e  c lo s e d  lo o p  
s y s te m  w h ic h  is  a  c o n s e q u e n c e  o f  th e  in c r e a se d  ord er  o f  the c o m p e n sa to r .
In  s e c t io n  4 .4  th e  cu rren t a m p lifier  m o d e l is  u se d  in  th e  e s t im a to r  d e s ig n , th is  m o d e l  
a c ts  a s  a  fr e q u e n c y  sh a p in g  f ilter  fo r  th e  lo o p  tran sfer  r e c o v e r y  p r o c e d u r e . T h e  
c u r re n t a m p lif ie r  f o c u s e s  r e c o v e r y  a t th e  c r o s s o v e r  fr e q u e n c y  fo r  th e  c lo s e d  lo o p  
s y s te m .
65
Fig. [3-23] Nyquist plot for LQG/FS-LTR(DK-Smoother) compensator
Fig. [3-24] Sensitivity plot for LQG/FS-LTR(DK-Smoother) compensator
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FS C u t-o ff 120H z 4 0 H z
E st. R o o t L o ca tio n  
N o rm a lised  C o st  
G ain M argin  
P h ase  M argin  
D istu rb an ce A tten . @ P I  
N o is e  S u p p ression  @ P2
3 4 2 ± 1 9 0 i,1 5 9 ± 3 4 3 i
N A
2 2 0 ± 8 .7 i,8 .5 ± 2 0 0 i
N A
2 3 .0 7  dB  
5 0 .7 °  
2 8 .9  dB
9 .7  dB
1 7 .4 2  dB  
5 0 .9 7 °  
2 9 .4 5  dB  
8 dB
Table [3-8] Performance results for LQG/FS-LTR(DK-Smoother) compensator
3.3.3.4 Frequency Shaped Linear Quadratic Gaussian Control (FS-LQG).
O ften  in con tro l problem s there is the need to o v erco m e the e ffec ts  o f  ex tern al forces  
and u n m o d elled  inputs into the plant. T h ese  inputs can  ca u se  steady sta te  and tracking  
errors in the c lo se d  lo o p  design . In classica l control th ese forces are o ften  o v erco m e  
w ith  the u se  o f  integral action. Such integral action  is  a su b set o f  freq u en cy  shaped  
co n tro l. T his sec tio n  describes at the ex ten sio n  o f  L Q  d esign  to  in clu d e frequency  
shap ing . In particular proportional plus integral frequency shaping w il l  b e con sid ered .
T h e L Q  contro ller  is a full state feedback  controller. T he con tro l law  is  sim ply  a 
con stan t tim es the feed b ack  states. F requency shaped con tro l in v o lv es  rep lacing the  
L Q  con troller  gains w ith  a dynam ic frequency shaped filter. E quation  [3 -8 9 ]  d escribes  
the m od ified  contro ller  equation for a proportion plus integral freq u en cy  shaping  
filter, w h ere H  is  the output cou p lin g  m atrix.
uk = K (s)xk
B y  au gm enting  the plant m od el w ith the frequency shaping filter in the contro ller  
d esig n , linear quadratic control gains can be estab lished  for the proportional and  
in tegral co m p o n en ts  o f  the frequency shaped filter. E quation [3 -9 0 ]  d escr ib es this 
au gm en ted  m od el for a P I-L Q  controller. T he quadratic c o s t  fu n ction  fo r  the  
au gm en ted  system  is g iven  by [3 -9 1 ]. T he LQ  con troller  gains can  n o w  be ca lcu lated  
in the u su a l m anner. T h e  estim ator d esign  for the L Q G  con troller  is perform ed using  
the u n au gm en ted  m od el.
T h e  resu lting  com p en sator  for the LQ G  d esign  can  be estab lish ed  u sin g  the  
co m p en sa to r  m od els [3 -8 2 ] , [3 -8 3 ] or [3 -8 4 ] d epend ing on  the d iscrete  K alm an filter
[3 -8 9 ]
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form  u sed  for the im plem entation , w here the plant m o d el u sed  in the com p en sator  
d esign  is the augm ented  m odel. N o te  that the estim ator  gain L  m u st be padded  w ith  
as m an y  zeros as there are states in the freq u en cy  sh ap ed  filter.
** =
'  4> O' T '
H T 1 **-i + 0 U k-l [3-90]
y k = [ H  0 ]x w
' = 1 [** *1]k=0





T h e u se  o f  the frequency shaped filter in troduces additional p o les  in to  the c lo se d  lo o p  
sy stem . T h ese  p o les a ffect the dynam ic resp on se  o f  the system  to  referen ce inputs in 
the ca se  o f  a serv o  system . This degradation o f  the com m an d  resp o n se  is  an 
undesirable sid e  e ffe c t  from  using frequency shaping or integral con tro l. T o  o v erco m e  
this degradation  the u se o f  disturbance feedforw ard  is  o ften  con sid ered . In this 
con figu ration  the estim ator m od el is augm ented  w ith  a disturbance estim ate , the  
resu lting  disturbance estim ate is then fed  forw ard in to  the input o f  th e  plant, 
can cellin g  ou t the e ffec ts  o f  external d isturbance. P lacing  the in tegrator in to  the 
estim ator  rem oves it from  the forward path o f  the referen ce signal, thus elim inating  
the degradation  in perform ance. A n application o f  this techn ique can  be se e n  in 
[K ettle  9 3 ],
T h e d isturbance estim ate is  an estim ate o f  a bias at the input to  the plant. A  bias can  
be m o d e lled  as an integrator driven by a w h ite  n o ise  source. T his n o ise  sou rce  co u p les  
in to  the system  in m uch the sam e w ay as the fictitiou s n o ise  so u rce  in the F S -L T R  
d esig n . In d eed  the d isturbance estim ate is a su b set o f  F S -L T R . H o w e v e r  in the F S -  
L T R  d esig n  the sta tes o f  the frequency shaped filters are n o t u sed  in  the co n tro l law . 
E quation  [3-92] d escrib es the augm ented m od el u sed  in the estim ator  d esign . 
E q uation  [3-94] describ ed  the augm ented con tro l la w  w h ich  in clu d es the disturbance  
feed forw ard .
'1 o'
x t  +
'O'
r a> k r
y.=[o flj*.
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K' = [ 1 AT], uk =K'xk
0
.0  ö,
[3 -9 4 ]
[3-93]
Figure [3 -2 5 ]  d ep icts a  graphical interpretation o f  the P I-L Q G  d esign . F igure [3 -2 6 ]  
d ep icts an L Q G  con troller  w ith  disturbance feedforw ard . B o th  im plem entations  
p rov id e sim ilar disturbance suppression  properties, a lthough the d isturbance  
feed forw ard  approach has superior com m and resp on se  properties. T he c h o ic e  o f  a 
g iv en  disturbance rejection  technique w ill depend on  the p reced en ce  o f  th ese  features  
in the g iv en  application.
Fig. [3 -2 5 ]  PI-LQG design.
Cl) 1)
■*©
Fig. [3-26] LQG Disturbance feedforward design.
T here ex ists  a dual frequency shaping procedure fo r  estim ator d esig n . H ere  the  
co n sta n t estim ator  gain is replaced by a frequency shaped filter. T his procedure  
prov id es rejection  o f  con stan t plant disturbances entering w ith  the p ro cess  n o ise .
K alm an w ith  
D isturbance Estim .
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3.4 Discrete-Time Kalman (DKF) Forms.
T h e d iscrete-tim e optim al stoch astic  filter w as derived  by Kalm an in [K alm an 6 0 ] and  
has s in ce  been ca lled  the Kalm an filter. T he Kalm an filter problem  can  be form ulated  
as fo llo w s , g iven  a d iscrete tim e stoch astic  state  sp ace  descrip tion  o f  a sy stem  [3 -9 5 ]  
and an observation  m od el [3 -9 6 ] , w here 3>, T and H  in eq u ation s [3 -9 5 ]  and [3 -9 6 ]  
h ave their usual state sp ace  interpretation and w h ere cot and x>k d en o te  p ro cess  n o ise  
and m easurem ent n o ise  seq u en ces resp ectively , then the Kalm an filter is  the optim al 
filter fo r  gaussian  signal m odels. T he n o ises cot and v>k are assu m ed  to  be
uncorrelated  w ith  zero m eans and gaussian  d istributions, form ally th ese  can  be  
m athem atically  described  using equations [3 -9 7 ] and [3 -9 8 ] , w h ere 8  d en o tes  the  
K ronecker delta  function  w h ich  is defined  by equation  [3 -9 9 ] , T h e m atrices Qk and Rk 
are d efin ed  as p o sitiv e  defin ite  sym m etric m atrices.
T h e optim al d iscrete  linear filter is required to  m inim ise the estim ation  error criterion  
d efin ed  by [3 -1 0 0 ] , w here the estim ation  error is defined  by [3 -1 0 1 ] . K alm an in his 
paper [K alm an 60] presented an estim ator o f  the form  g iven  in eq u ation  [3 -1 0 2 ] , this 
structure is o ften  ca lled  a sin g le-sta te  predictor, s in ce  the current estim ate  at tim e k+1  
d ep en d s on ly  upon past observations. T he subscript n otation  u sed , fo r  exam p le
reads as fo llo w s , the estim ate o f  x den oted  x , at tim e k  g iven  inform ation up to  and  
in clu d in g  tim e k-1.
X k +1 ~  ^ k X k  +  I"k U k  +  G k ^ k  
zk = Hxk + v k
c o v {c o ,, to*} = Qk5a  , £ { c o t } = 0 
co v {a )[, ' o J  =  ^ 8 a , £ : { \ ) J  =  0
[3 -9 5 ]
[3 -9 6 ]
[3 -9 7 ]
[3 -9 8 ]
[3 -9 9 ]
[3 -1 0 0 ]
[3 -1 0 1 ]
[3-102]
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T h e predictive Kalm an filter as described  in Kalman's paper is sum m arised  b e lo w  
[K alm an form  # 1 ] . S u b seq u en t w ork  in  the area as ou tlin ed  by Grim ble. in [G rim ble  
88 b ], brought about a lternative form s o f  the D K F . T here form s are based  on  a  slightly  
differen t estim ation  error m inim isation  criterion [3-103],
w h ere the p rocessin g  tim e is considerably sm aller than the sam ple period  the current 
or predictor-corrector form  o f  the D K F  can be used  [K alm an form  # 2 ][J a zw in sk i 7 0 ]. 
In this form  the current estim ator is based  on the current m easurem ent, h en ce the 
nam e. T here are tw o  com m on  versions o f  this filter [# 2 a , # 2 b ], both  o f  w h ich  are 
eq u iva len t. T h e latter is  the m ost attractive form  becau se it  separates the estim ate  into  
tw o  p ortion s, th ose  d ependent on  the current m easurem ent and th o se  d ep en d en t on  
the p rev iou s estim ate. This approach aids the d esign  o f  a practical a lgorithm . Prior to  
the n ex t sam ple interval the p rocessor  can evaluate equation  [3-118], on  the next 
sam p le  interval w h en  a m easurem ent has been m ade the p ro cesso r  eva lu ates eq u ation  
[3-119]. This is m ore attractive than evaluating equation  [3-112] on  the n ex t sam ple  
in terval. N o te  that any kn ow n  inputs to the plant, b ecom e inputs to  the estim ator , this 
in c lu d es p rocess n o ise  or m easurem ent n o ise  non  zero b iases.
T h e  third form  o f  the D K F  is the predictor-corrector sm ooth er  form  [K alm an form  
# 3 ] . T his filter form  is presented here because it exh ib its su p erior  robustness  
p roperties o v er  the other form s. T he filter construction  u ses p resen t and past 
m easurem ents in  the eva lu ation  o f  a n ew  estim ate.
Kalman Form #1: D iscrete  linear tim e-varying (DLTV) s in g le -s ta g e  predictor: 
Plant m odel: xk+l = 4 )* ^  +  Tkuk +  Gkto* [3-105]
O bservation  m odel: zk =  Hkxk + x>k [3-106]
E stim ate: x 4+I|t =  +  Ykuk +  Kk (zk -  Hkxk^ _{) [3-107]
[3-103]
X k\k ~  X k X k\k
[3-104]
Gain: [3-108]
-  +  GkQkGk
A priori cov. : [3-109]
71
Kalman Form #2a: DLTV Kalm an filter C lassical:
Plant m odel: xk+l =  <&kxk + Tkuk +  Gkto* [3 -1 1 0 ]
O bservation  m odel: zk = Hkxk+ v k [3 -1 1 1 ]
E stim ate. xk^k i|*—1 ~  ) [3 -1 1 2 ]
Gain: K„ = V , » i  {« , +R‘ )'' [3-H3]
A  priori cov.: PM[k = <&kPm<&l +  GkQkGTk [3 -1 1 4 ]
A posteriori cov.: Pk\k = Pk\k- \~ K kHkP^ k_x [3 -1 1 5 ]
Kalman Form #2b: DLTV Kalm an filter Predictor-corrector or Current 
estim ator:
Plant m odel: =  <bkxk + Vkuk +  GkCD* [3 -1 1 6 ]
O bservation  m odel: zk =  Hkxk +  v k [3 -1 1 7 ]
P red ictive  EsL: ick+l\k =  +  Vkuk +  GkU5k [3 -1 1 8 ]
C urrent EsL: x #  = xk{k_{ +  Kk (zk -  Hkx^k_x) -  v k [3 -1 1 9 ]
Gain: Kk =  P ^ H *  { H S ^ H *  + Rk}"' [3 -1 2 0 ]
A priori cov.: PM]k =  +  GkQkGTk [3 -1 2 1 ]
A posteriori cov. : Pk{k =  Pk{k_{ -  KkHkPk^ x [3 -1 2 2 ]
Kalman Form #3: DLTV Kalm an sm oother, Predictor-corrector:
Plant m odel: xk+l =  <t>kxk + Tkuk +  Gkto* [3 -1 2 3 ]
O bservation  m odel: zk =  Hkxk +  v k [3 -1 2 4 ]
P red ictiv e  EsL: xk+l[k =  +Tkuk + GkU5k + K pk (zk - Hkx k^ ) [3 -1 2 5 ]
C urrent EsL: = xk{k_{ + K ck (zk -  Hkx k^ ) - \  [3 -1 2 6 ]
G ains: K'k =  +  /?,}"' [3 -1 2 7 ]
K l  =  <bkK \  [3 -1 2 8 ]
A priori cov.: PM]k = + GkQkGTk [3 -1 2 9 ]
A posteriori cov.: Pk,k =  Pk,k_{ -  K ckHkPk,k_l [3 -1 3 0 ]
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4. Robust Optimal OC Motor Controller (Implementation).
4.1 The Test Rig.
T h e d ev e lo p m en t platform  fo r  the im plem entation o f  the m otor co n tro ller  featured  in 
this d ocu m en t, co n sists  o f  tw o  4kW  perm anent m agnet D C  m otors cou p led  back  to  
back . T h e  cou p lin g  b etw een  the tw o  m otors is rigid. T h e seco n d  m otor  is u sed  as an 
a ctive  load , w h ich  is  used  to sim ulate ch an ges in inertia and v isc o s ity  o f  the m otor and 
its load  and to sim ulate external disturbance or excita tion s applied to  the c lo se d  lo o p  
system .
In order to  d esign  a con troller  for this system , a reasonable m o d e l o f  the system  is 
required. T his sectio n  deals w ith  the identification  o f  a m athem atical m o d e l fo r  the  
te s t  rig . T his is accom p lish ed  in several w a y s, the first o f  w hich  is to  u se  available  
inform ation  from  the data sh eets for the m otor and inverter. T his data is  then  
com p lem en ted  w ith  an analytical m od el obtained by m od ellin g  the system  in fu ll, from  
a c ircu it co m p o n en t lev e l. W here p ossib le , each  sta g e  o f  this analytical m o d el is 
verified  using em pirical procedure. Finally the overall system  is identified  u sin g  tim e  
dom ain  resp on se  procedures and recursive identification proced u res. It is im perative  
that the m od els at this sta g e  in the d esign  are reasonably accurate. A lth ou gh  the  
con tro ller  d esign  is in itse lf robust, the m od el at this sta g e  w ill represent the nom inal 
m o d el in  the final d esign . From an optim ality and effic ien cy  p oin t o f  v ie w  this nom inal 
d esig n  sh ou ld  be as c lo se  to  the actual physical system  as p ossib le . H en ce , w here  
p o ss ib le , each  param eter is doub le ch eck ed  and cross ch eck ed  u sin g  o th er em pirical 
and analytical techniques.
T h e  op en  lo o p  system  under investigation  can be described  by F igure [4-1]. This 
describ es the entire op en  lo o p  system  from  the D S P  ou tp u t, to  the D S P  input. S o m e  
o f  the interm ediate e lem en ts are approxim ated by gains. T he bandw idth o f  the p o st­
sam pling and anti-aliasing filters are se lected  such  that their gains and phase ro ll-o ffs  
are w e ll ou tsid e  the frequency o f  interest during con tro l, co n seq u en tly  they  can  be  
n eg lec ted  during the d esign . E quation [4-1] describes this op en  lo o p  sy stem . In order  
to su ccessfu lly  d esign  a con tro ller  the param eters and com p on en ts g iven  in eq u ation  
[4-1] m ust be identified .
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Encoder/
Post Samping Tach Filter Inverter Torque Con Motor Resolver Anti-aliasing
DSP-D/A
Fig. [4-1] Open Loop System.
DSP-A/D
D S P - A I D 0
= K i
Kc K, 1
D S P - D I A  Command ( t ^  +  l)  s + a J s + B s
[4-1]
T h e T ach o  generator filter com p on en t o f  the open  lo o p  system  is available from  the  
analytica l m od ellin g  o f  the open  loop  system  described m  A p p en d ix  A .
T h e m o to r  m od el com p on en t o f  equation  [4-1] can be describ ed  by eq u ation  [4-2]. 
T h e num erical values fo r  this equation  are available from  th e m anufacturer o f  the  
m otor. T ab le  [4-1] sum m arises this inform ation
(i) K.
Current Js + B
[4-2]
Param eter Svm U nits V alu e
M otor  inertia J N m 0 .0 0 1 4
V isc o u s  dam ping B N m /rad 0  0 0 0 7 1 6 3
T orque sen sitiv ity Ki N m /A m p 0 .5 0 6
Table [4-1] Basic Motor-Tachometer Constants from Data Sheet
T h e op en  lo o p  system  described  by equation  [4-1] can  be sim plified  by approxim ating  
the current am plifier to  a gam  K 2 T he system  can be further sim plified  by replacing  
the T ach ogen erator  filter w ith  a unity gain. W ith th ese sim plifications the op en  lo o p  
sy stem  can  be d escn b ed  by a secon d  order approxim ation g iven  by eq uation  [4-3]. A  
num erical approxim ation  can  be found  by using em pirical m easurem ents o f  the gains. 
T ab le  [4-2] contains th ese em p irica lly  derived  gam s
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Parameter Sym Units Value
Inverter C om m an d  to current K2 A m p /V o lt 10
D S P  (A /D ) to Inverter C om m and. K1 V o lt/F lo a t 10
Table [4-2] Empirical gains, average of several measurements.
 - ------ = KxK2 — [4-3]
Command Js+B s
T his m od el is a seco n d  order approxim ation o f  the plant under in vestiga tion . It is 
h o w ev er  very m uch a sim plification, insofar as the dynam ics o f  the current am plifier 
are assu m ed  to be ou tsid e the bandw idth12 o f  the desired  c lo sed  lo o p  sy stem . Thus 
the current lo o p  is  approxim ated by a gain K 2. Furtherm ore, the m echanical con stan ts  
fo r  the m otor  are based on the data sh eet va lues. T he gains are based  on  the average  
o f  sev era l m easurem ents.
In order to arrive at a better m od el o f  the op en  lo o p  system  tw o  approaches are 
fo llo w e d . Firstly d ev e lo p  an analytical m od el o f  ex istin g  contro ller  to  determ ine the  
gain  and d ynam ics o f  the current controller  and seco n d ly  identify the m otor  and  
current contro ller  using off-lin e identification  techn iques. T h ese  results are further 
con firm ed  u sin g  em pirical tim e dom ain response analysis.
T h e fo llo w in g  su b -section s describes the identification  o f  the current am plifier and  
m ech an ica l m otor m od el in turn.
4.1.1 The Current Amplifier.
T h e analytical m od ellin g  o f  the current am plifier com p on en t o f  the op en  lo o p  system  
can  be found  in A ppendix  A . From the appendix it is apparent that the current 
am plifier has fourth order dynam ics. T he lo o p  can h o w ev er  be approxim ated  to  a
12 At this stage in the design the actual bandwidth of the closed loop system is not defined. Thus the 
elimination of a dynamic component from the open loop system is only possible if the designer can 
choose the dynamics of this component. In this particular case the designer chooses to work with the 
existing current loop design. The dynamics of the current loop are thus fixed parameters. It will 
become evident in subsequent sections that these current loop dynamics are the limiting factors in 
the choice of the bandwidth of the closed loop system.
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seco n d  order system  by using p o le  zero  cancellation . E quation  [A -3 ] d escrib es this 
seco n d  order approxim ation. F igure [4 -2 ] sh o w s a p lo t o f  the fourth  order and the  
seco n d  order approxim ation o f  the current lo o p . A s can  be seen  from  the figu re the  
seco n d  order approxim ation retains all the n ecessary  dynam ic properties o f  the  
current lo o p , the apparent d iscrepancy in steady sta te  gains is  a co n seq u en ce  o f  
can cellin g  a s lo w  p o le  corresponding to  the m echanical m otor  dynam ics. A lth ou gh  
n ot apparent from  the figu re, both plots co n v erg e  to a steady state  va lu e o f  10 as tim e  
approached  infinity (and the m otor reached its term inal v e lo c ity ). T hus the steady  
sta te  gains o f  the tw o  system s are the sam e. T h e seco n d  order approxim ation  is  really  
an approxim ation  o f  the current lo o p  in  the ab sen ce o f  the m echanical d ynam ics o f  the  
m otor. B y  n eg lectin g  these dynam ics the current am plifier m od el is  on ly  thorough ly  
valid  fo r  lo w  to  m oderate sp eed  ranges. For higher sp eed  ranges the u se  o f  a  third 
order m o d e l w hich  contains the m echanical dynam ics o f  the system  sh ou ld  be 
co n sid ered . A t this sta g e  in the d esign  it  is the fa st m od es o f  the current am plifier that 
are o f  particular in terest, as it  is  these m od es w hich  w ill defin e the lim iting factors in 
the c h o ic e  o f  the bandw idth for the c lo sed  lo o p  system . From  the figu re it  is  further 
ev id en t that the seco n d  order approxim ation d o es  n o t accou n t fo r  fin ite phase delays  
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Fig. [4-2] Step response of current loop.
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T h e theoretica l m od el d ev e lo p ed  in the preced in g  sec tio n  is  on ly  an accurate  
representation  o f  the physical system  i f  it truly represents the physica l sy stem . In this 
particular ca se  the step  resp on se  w ill be u sed  as a basis fo r  com p arison . F igure [4-3] 
d ep icts  severa l step  resp on ses o f  the physical sy stem , fo r  input v o lta g es b etw een  the  
ranges o f  0  to 10 V o lts . From  the figure several im portant ob servation s can  be m ade, 
the first o f  th ese  is that the m axim um  current availab le  from  the current am plifier is  5 0  
A m p s, this occu rs for a com m and vo ltage  o f  5 V . T h u s, although the input is  b etw een  
the range o f  ±  10V  the current lim iting circuits lim it the e ffec tiv e  input range to  ±  5 V . 
T h ese  ranges se t  the saturation bounds fo r  the current am plifier. Furtherm ore the 
resp on se  o f  the physical am plifier c lo se ly  approxim ates that o f  a first order system . 
T his im plies that the zero  o f  the theoretical system  is indeed  faster in  the physical 
sy stem . T h e overall bandw idth o f  the physical system  is h o w ev er  s lo w e r  than its 
th eoretica l counterpart. T able [4-3] sum m arises the tim e dom ain characteristics o f  the 
physica l and theoretical m od els. Figure [4-4] dep icts the step  resp on se  o f  the physical 
and the theoretica l sy stem s. From  this figure it is apparent that the th eoretica l seco n d  
order m o d el is  a reasonably accurate m od el for the physical sy stem . N o te  that the  
th eoretica l resp on se  in this figure is driven by the m easured input to  the current lo o p , 
w h ich  in  e ffe c t  is  the step  response o f  the T achogenerator and the an ti-a liasin g  filters.
From  the figure it is further ev id en t that an unm odelled  delay  in the current lo o p  
ex ists . T his d elay  is in  the order o f  0 .3 m s. It is  not unreasonable to attribute this delay  
to  sw itch in g  delays inherent in the P W M  and p o w er  circu its and in d eed  to  
approxim ations m ade during the m odelling o f  the current lo o p  as d escrib ed . B y  
accou n tin g  for this delay  in the theoretical m od el an im proved  th eoretica l m od el is 
availab le. F igure [4-5] takes a c lo ser  lo o p  at these d elays. For a v e lo c ity  con troller  
im p lem en ted  at a sam p le  frequency o f  5k H z, a d elay  o f  0 .2 m s represents a o n e  sam ple  
d elay . I f  the T ach ogen erator and anti-aliasing filters are om itted  from  the final d esign  
an ad d ition al o n e  sam p le  d elay  m ust be accounted  for in  the current lo o p  m od el.
M o d el R ise  T im e (m s) Settling T im e (m s) D e la y  (m s)
T h eo re tica l13 4  14 0
P hysica l 6 16 0 . 5 14
Table [4-3] Time domain specification.
13 Driven by ideal step input
14 0.2ms of a delay attributed to the tachogenerator and anti-alaising filters phase delay. 
0.3ms of a delay attributed to delays inherent in PWM.
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Fig. [4-3] Measured step response (commands in the range from 0-10V).
Fig. [4-4] Theoretical and Physical step responses.
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Fig. [4-5] Delays between theoretical and physical step responses.
4.1.1.1 Identification of the Current Amplifier
T o  reso lv e  the bandw idth discrepancies b etw een  the theoretical and physical m od els, 
the sy stem  is identified  using an o ff-line recursive identification  algorithm . This 
iden tifica tion  is perform ed using the M atlab identification  to o lb o x . From  the
p reced in g  w ork  the dynam ics o f  the current lo o p  can  be accurately  describ ed  by a 
se c o n d  order system . T h e m od el used for  identification  purposes is a seco n d  order  
au to  regressive  m od el w ith  a first order disturbance m od el, described  by eq u ation  [4- 
4].
A R  m o d el A(z~l )y(t) = B(z~l )u(t) + v>(t)
M A  m od el v(t) = C(z~')e(t) [4-4]
A(z 1) =  1 +  fyz 1 +  ci2z 2 
w h ere B(z"‘) = bxz~l + b2z~2
C(z_1) = 1 + qz"1
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T h e general requirem ents on the ch o ice  o f  an exc ita tion  signal, fo r  identification  
p u rp o ses, is that the signal have a zero  m ean and is  co n stru cted  so  that it  ex c ite s  all 
m o d es o f  the plant under investigation . T o  this end  a staggered  square w a v e  
ex c ita tio n  signal is ch o sen . F igure [4 -7 ] d ep icts the exc ita tion  sign al and the resulting  
current lo o p  resp on se. A s is ev id en t from  the figure the current m easurem ent has a 
lo w  s ig n a l to n o ise  ratio and the e ffe c tiv e  current reso lu tion  is on ly  realistically  10 bits 
o f  in form ation. This observation  w ill aid the ch o ice  o f  m easurem ent covarian ce in an 
estim ation  configuration  w hich  includes current feed b ack  inform ation. In particular, 
m od el based  current inform ation should  be w eigh ted  m ore heavily  than m easurem ent 
based  current inform ation.
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Fig. [4-6] Excitation signal and current loop response.
T h e id entification  o f  the current loop  is broken up in to  tw o  sta g es , the first o f  w hich  
in v o lv es  the identification  o f  a m odel for  the actual current lo o p . T h e se c o n d  stage  
in v o lv es  the identification  o f  the open lo o p  system  w h ich  co n sists  o f  the cascad ed  
com b in ation  o f  anti-aliasing filters. T achogenerator filters and current lo o p . T h e latter  
m o d el is  a m ore realistic  m od el for the purpose o f  control.
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E quations [4 -5 ] and [4 -6 ] represent the results o f  the id entification  p roced u re. B oth  
m od els are d iscrete  tim e A R M A X  m od els fo r  a sam p le freq u en cy  o f  3 0 k H z . T he  
corresp on d in g  con tin u ou s tim e p o les and zeros are g iv en  in T ab le [4 -4 ] , From  the  
table it  w o u ld  appear that the relative sp a cin g  o f  the p o les  and zeros w o u ld  agree  w ith  
th o se  for the theoretica l m odel. H o w ev er  the zero  o f  the cascad ed  system  is in the  
right ha lf plane, causing  the step  resp on se  to  start o f f  in the w ron g  d irection . This 
d iscrep an cy is an indication that the order o f  the m o d e l under identification  is  indeed  
greater than the m o d e l used  for the identification . Indeed  the T ach ogen erator  and  
antialiasing filters introduce an additional six  p o les in to  the m od el. T h e  order o f  the  
m o d el u sed  fo r  the identification  can be increased  to  accom m od ate  fo r  the additional 
d yn am ics. T he bandw idth o f  the antialiasing and T achogenerator filters are param eters 
in the con tro ller  d esign  and can  be altered at the d iscretion  o f  the designer. In general 
the bandw idth o f  th ese filters are ch osen  such  that th ey  are ou tsid e  the bandw idth  o f  
the c lo se d  lo o p  system . Figure [4 -7 ] sh o w s the step  resp on se  o f  the id entified  current 
lo o p  m od el. From  this figure it is apparent that the identified  m o d e l fits the physical 
resp on se  better then the theoretical m od el.
a[ = - 0 .9 4 1 0 ,  o  =  0 .0 1 6 0  
=  —0 .0 4 0 4 ,  o  =  0 .0 1 5 7  
b[ — —0 .3 7 5 2 ,(7  =  0 .1 0 6 4  
b'_= 0 .1 8 1 5 , a  =  0 .1 0 8 3  
c ' =  - 0 .8 7 4 5 ,  a  =  0 .0 0 7 2
[4 -5 ]
<  =  - 0 .9 6 7 1 ,  a  =  0 .0 1 6 0  
(4 = - 0 . 0 1 7 2 ,  a  =  0 .0 1 5 8  
b[ =  - 1 5 . 5 5 6 , a  =  0 .6 9 9 3  
b'2 = 1 2 . 0 8 6 0 , 0  =  0 .7 1 4 5  




C urrent lo o p  
C ascad ed  system
s= -9 .5 7 2 6 e 4  
s= -5 4 2  
s= -1 .2 1 3 9 e 5  
s= -4 7 0
Table [4-4] Continuous time root locations.
s= -2 3 2 0 0
s=2740.9
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Fig. [4-7] Comparison of step responses.
Table [4-5] contains the DC gain values for the two identified models. These gains 
correspond to the unsaturated current amplified. When saturation takes place the 
input voltage to the current loop is limited and the effective torque command is 
reduced. The DC gain for the saturated amplifier is required for stability analysis, 
Table [4-5] also contains worst case saturation gains for the current amplifier. Figure 
[4-8] shows the current amplifier saturating after approximately three seconds of peak 
current. The saturated current corresponds to the rated continuous current rating of 
the amplifier.
Model Sym DC-Gain Saturated Gain
Current loop K2 10.38 5.19
Cascaded system K2.K1 97.70 48.85
Table [4-5] DC gains of current amplifier.
82
Fig. [4-8] Saturation of Current amplifier.
4.1.2 The DC Servo Motor
Id entification  o f  the m otor m od el w as perform ed using c lo sed  lo o p  in p u t-ou tp u t data. 
C urrent and v e lo c ity  m easurem ents w ere  ch o sen  as the in p u t-output data u sed  during  
the id entification  o f  the m otor m odel. N o te  that in this ca se  the m o to r  m o d e l is a 
transfer fu n ction  from  current to ve loc ity  and n o t from  torque to v e lo c ity . T o  obtain  
the la tter the torque con stan t is  assum ed  to be k now n.
T h e c h o ic e  o f  a perturbation sign a l has a large im pact on the accuracy  o f  the id en tified  
sy stem . In order to su ccessfu lly  identify the m od els a su itable se t  o f  data  is required. 
T his data m ust ex c ite  all the m odes o f  the system  being identified . A gain  the m o st  
o b v io u s c h o ic e  is to u se a square w a v e  perturbation signal. T his con ta in s an infinite 
num ber o f  frequency com p on en ts and h en ce in theory w ill e x c ite  all the required  
m o d es o f  the system . For the c lo sed  lo o p  system  a square w a v e  perturbation sign a l is 
u sed . S evera l batch m easurem ents w ere  taken, for d ifferent am plitudes and 
freq u en cies o f  the perturbation signal. Each batch o f  sam pled  data w a s sca led , and a 
first order A R M A X  m od el identified. A n average for the param eter w a s then
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obtained . It w a s found  that the v iscou s dam ping param eter had the largest variation  
fo r  the c lo sed  lo o p  data. T he v iscou s param eter is  in  general very  sm all and often  
varies as a function  o f  tem perature. Instead this param eter w as obta ined  u sin g  steady  
sta te  analysis o f  the o p en -lo o p  system . B y  disabling the o v er-sp eed  p ro tection  and  
driving the m otor to  its term inal velocity , m easurem ents o f  current com b in ed  w ith  the 
e lec tr ica l characteristics o f  the m otor provide a reliable va lu e fo r  the ca sca d ed  v iscou s  
d am p in g15. T he average results for the identification  are g iven  in eq u ation  [4 -7 ]  and 
the corresponding con tin u ou s tim e eq u iva len t m o d e l fo r  the identified  p lant is  g iven  in 
eq u ation  [4 -8 ] . U sin g  the value for the torque con stan t sp ec ified  in the d ata  sh eets, 
the m otor m od el param eters can be specified  se e  T ab le [4 -6 ] . T h e identified  
m echanical param eters are the com bined  inertia and v isco s ity  fo r  the m otor, its load  
and the cou p lin g . T he inertia param eters obtained from  the id entification  are 
approxim ately  tw ice  the s ize  o f  th ose  obtained from  the data sh ee ts , this a cco u n ts  for  
the tw o  m otors and the inertia o f  the cou p lin g . T h e v isco s ity  param eter is 
app rox im ately  eq u al to that obtained from  the data sh eets.
a[ =  - 0 .9 9 9 8 9 5 ,  a  =  0 .0 0 0 1  
6; = 0.0,a = 0 
b[ =  0 .0 2 4 1 , a  =  0 .0 0 0 3  
c[ =  - 0 .4 5 3 7 ,  a 2 = 0 .0 1 2 9
[4 -7 ]
œ  100 .17  
/  " i +  0 .2 8 2 4
[4 -8 ]
Param eter Svm U nits V alue
M otor  inertia  J N m  0 .0 0 5 0 5
V isco u s  dam ping B  N m /rad 0 .0 0 1 4 4 5
Table [4 -6 ]  Identified Motor and load parameters16
15 B =  K. Vg-Vb
R
/co =  0 .5 0 6 1
1 .2 2 6 ;
/  2 8 5 .6  =  0 .0 0 1 4 4 5
16 Note that the data sheet parameter values correspond to the values for a single motor. The values 
presented here are for the identified motor and its load. In this case the load is an equivalent motor, 
so the parameter values for an individual motor are approximately half those given in this table.
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4.2 Controller Design (Nominal system).
T his sec tio n  d escribes the d esign  o f  a L Q G /L T R  v e lo c ity  serv o  fo r  the te s t  rig 
featured  in the previous sec tio n . This w ill represent the nom inal d esig n  w h ich  w ill be  
u sed  as a benchm ark for subsequent d esign s. In this d esig n  the d ynam ics o f  the  
current am plifier are n eg lected  during the con troller  d esign . T h ese  d ynam ics are 
m od elled  as structured uncertainties w hich  w ill be used  to  estab lish  stab ility  bounds 
on  this particular controller im plem entation.
E quation  [4 -3 ] describes a first order m od el fo r  the system  w h ere the current 
am plifier is approxim ated by a gain. N um erical va lues fo r  th ese  gains are obtained  
from  the results o f  the identification  procedures, T ab le [4 -5 ]  conta ins th ese  results. 
T h e m otor  param eters used  for this d esign  are th ose  identified , the results fo r  w hich  
are presented  in T ab le [4 -6 ].
F or this d esign  exam p le it is assum ed that the availability o f  am ple p ro cessin g  p o w er  
is  n o t an issu e . C on seq u en tly  im plem entation issu es regarding the sam p le  rate 
se lec tio n  are ignored  for n o w . A  sam ple rate o f  5 k H z is ch o sen . This sam p le rate 
se lec tio n  issu e  w ill be dealt w ith  at a later stage.
F o llo w in g  the heuristic tuning procedures o f  sectio n  3 .1 .1  a L Q  con tro ller  can  be 
d esig n ed . For this d esign  B ryson's inverse square m ethod  o f  w e ig h ted  m atrices 
se lec tio n  is used  [B ryson  7 5 ]. T he m axim um  allow ab le d ev ia tion s for  each  o f  the  
sta tes is  thus required, T ab le [4 -7 ] contains these d ev ia tion  v a lu es. T h e c o s t  w eig h tin g  
m atrices param etrised by p are g iven  in equation [4 -9 ] . U sin g  eq u ation s [3 -1 1 ] , [3 -1 2 ]  
and [3 -9 ]  a se t  o f  contro ller  gains can be found for a g iven  va lu e o f  p . T h e va lu e  o f  p 
is in creased  until a satisfactory  response is realised , in this ca se  a sa tisfactory  resp on se  
sh a ll be on e w ith  a settlin g  tim e o f  approxim ately 60m s.
O n exam in in g  the step  resp on se  o f  the resulting con troller  d esign , based  on  B ryson's 
in verse  square m eth od , it  is apparent that the con tro ller  exh ib its a d am ped  resp on se . 
T h e target settlin g  tim e can n ot be realised  w ith ou t an e x c e s s iv e  in crease in p. 
H o w ev er  by increasing the m axim um  deviation  on the v e lo c ity  sta te  in eq u ation  [4 -9 ] ,  
a less dam ped resp on se  can be obtained. This p rocess in e f fe c t  d e-em p h a sises  the 
v e lo c ity  sta te  during the con troller  design . B ou n d s on the ex ten t to w h ich  th ese  states  
can  be d e-em p h asised  w ill be established by exam p le. Figure [4 -9 ]  d ep icts an im pulse  
resp o n se  fo r  the m odified  controller w e ig h t m atrices described  by eq u ation  [4 -1 0 ] ,
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T h is d es ig n  corresp on d s to a d esign  param eter p =  8 0 0 . T ab le  [4 -8 ]  sum m arises so m e  
o f  the properties o f  the resu lting controller d esign .
State name Units Deviation (max.) Mean Value
P osition  R ads ±  n
V e lo c ity 17 R ads/s ±  265
C urrent A m ps ±  50













p L Q  d esig n  param eter
7 A nderson's G am m a
R o o ts  D iscre te  tim e LQ  roots
T s Settling  tim e
8 00
0 .9 5 1 0
z  =  0 .9 6 8 4  ± 0 .0 3 0 6 i  
6 4  ms
Table [4-8] Summary of LQ controller properties (under-damped).
T h e gam m a param eter for this controller d esign  is very c lo se  to  unity, w h ich  is a 
co n seq u en ce  o f  the c h o ice  o f  a high sam ple frequency. R ecall the sam p le frequency  
tra d e-o ff o f  sec tio n  3 .2 .1 .1 . W ith a gam m a value c lo se  to unity, the advan tages o f  the 
K alm an -S m ooth er im plem entation  over  the Kalm an P red ictor-corrector  
im plem entation  b ecom e insignificant. For this reason the K alm an P red ictor-corrector  
form  w ill  b e used  for this L Q G  controller im plem entation .
D uring  the d esign  o f  a Kalman filter, plant and m easurem ent n o ise  covarian ce  
in form ation  is required. T his stochastic  inform ation sp ec ifies  the bandw idth  o f  the  
K alm an filter in the classica l sen se. W hen the Kalman filter is used  as a Kalman
17The deviation on the velocity state is based on measurements from the test rig.
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estim ator this stoch astic  sp ecifica tion  b ecom es le ss  s ig n if ic a n t  A lth ou gh  in  m o st cases  
the estim ator  still has a filtering role to  perform , this ro le  is  surpassed  b y  the  
estim ator's need  fo r  a w id e bandw idth, in the classica l sen se . T hus the K alm an filters 
n o ise  covariance's o ften  form s the basis for a nom inal K alm an estim ator  d esign . A s  
seen  in section  3 .3 .3 , the bandwidth o f  the Kalm an estim ator is  o ften  w id en ed  by 
in jecting additional fictitiou s n o ise  covariance's into the d esig n  m od el, in w h ich  ca se  
o n e  co u ld  argue that the estim ator's n o ise  covariances bears no sim ilarities to  the  
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Fig. [4-9] Impulse response of LQ controller.
E quation  [4-11] d escrib es the nom inal covariance m atrices u sed  in this d esig n . T he  
m agnitude o f  th ese covariances have no bearing on  the p h ysica l m od el. T he  
bandw idth  o f  the estim ator  w ill be se t during the L T R  proced u re, eq u ation  [4-12] 
con ta in s the recovery  param eters used. Figure [4-10] sh ow n  the N y q u ist p lo t fo r  the  
L Q G  co m p en sa to r  as the recovery procedure unfo lds. F igure [4-11] s h o w s  the  
corresp on d in g  sen sitiv ity  and com plem entary sensitiv ity  fu n ction s. From  th ese  tw o  
figures robustness and perform ance inform ation can be obtained . T ab le  [4-9] 
su m m arises this perform ance inform ation.
Impulse response
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a  = 0 0
qk = [1 0 0  10000 100000 10000000]
Real Part
Fig. [4-10] Nyquist plot as recovery unfolds.
[4-12]
[4-11]
LTR Iteration (k) 1 2 3 4
E st. R o o t L o c a tio n 18 0 .9 6 8 ± 0 .0 3 0 7 i 0 .90G ± 0 .090 i 0 .8 2 3 6 + 148i 0 .4 0 8 2 ± 0 .2 9 2 i
N orm a lised  C ost 1 .1785 1 .1745 1 .1675 1 .1 5 8 5
G ain M argin 9 .8 2  dB 10.5 dB 12.7 dB 18 .0  dB
P h ase M argin 34 .0 ° 3 8 .4 ° 4 4 .0 ° 5 3 .2 °
D istur. A tten . @ P I 19 -4 3  dB -5 1 .8  dB -5 4 .0  dB -5 8 .8  dB
N o is e  Suppr. @ P 220 -5 3 .8  dB -3 7 .9  dB -2 9 .4  dB -1 9 .6  dB
Table [4-9] Performance results for LQG(DK-Predictor-corrector)/LTR.
18 These are the discrete time root locations.
19 The test point PI corresponds to a disturbance frequency of 10Hz.
20 The test point P2 corresponds to a noise frequency of 3kHz.
From  the table it  is apparent that robustness is at its lo w e s t  w h en  the roo ts o f  the  
estim ator  are the sam e as the roots o f  the LQ  controller. A s  recovery  tak es p lace the  
rob u stn ess o f  the d esign  im proves. H o w ev er  the n o ise  su p p ression  properties o f  the  
d esig n  d isim p roves. T he Kalm an filter b ecom es m ore o f  an estim ator  and le ss  o f  a  
filter as recovery  tak es p lace. T his is a fundam ental tra d e-o ff in the d esig n  o f  a L Q G  
con troller . T he greater the robustness requirem ent o f  the d esig n  the greater the  
corresp on d in g  s ig n a l to n o ise  requirem ent o f  the sensors.
Fig. [4-11] Delta plot as recovery unfolds.
T h e n ex t sta g e  in the d esign  is to establish  stability bounds on  the rob u stn ess o f  the  
d esig n  to  m od el uncertainty. T he controller  d esign ed  in this sec tio n  is a nom inal 
d esig n  based  on  a nom inal plant m odel. In reality the physical m o d e l w ill d ev ia te  from  
this nom inal m od el. F or exam ple, in an application  such  as a serv o  system  the  
dynam ic properties o f  the load  can vary for d ifferent servo  sta tes. In th is section  
a llo w a b le  bounds on th ese variations are estab lished .
From  the identification  o f  the plant, im portant non-linear properties o f  the p lant w ere  
ob served . In particular, the saturation o f  the current am plifier h a lves the forw ard gain  
o f  the op en  lo o p  system . It w ill be necessary to establish  stability bounds fo r  su ch  an 
ev en t. Furtherm ore th is d esig n  n eg lects the dyn am ics o f  the current am plifier. A t w h at  
sta g e  in the d esign  w ill such  an approxim ation a ffect the stab ility  o f  the c lo sed
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system ? T o  address these problem s, the stability bounds procedure estab lish ed  in 
sec tio n  3 .2 .3  w ill be applied. In all, stability bounds fo r  fou r  uncertainties n eed  to  be  
estab lish ed , nam ely variation an load  inertia, variation in load  v isco s ity , saturation o f  
the current am plifier and the unm odelled  dynam ics o f  the current am plifier. In a  
practical situation  the bounds on th ese  variations are o ften  part o f  the d esign  
sp ec ifica tio n . In particular, T able [4 -1 0 ] sp ec ifies bounds on  the load  dynam ic  
param eters for this d esign  exam ple.
Parameter Min. Max.
Table [4-10] Load dynamic bounds specification.21
E ach  o f  the uncertainties can be m od elled  as a m ultip licative structured uncertainty, 
from  w h ich  a bounding function  can be derived  using eq u ation  [3-36]. Stability  is 
preserved  w h en  the com plem entary sensitiv ity  function  and the m ultip licative  
uncertainty bounding function  satisfy  con d ition  [3-41]. In the ca se  o f  the unm odelled  
current am plifier dynam ics, the identified m od el for the current lo o p  is u sed . This 
m o d el bounds all the other current lo o p  m od els. T he m ultip licative uncertainty m od el 
fo r  the current loop  dynam ics is g iven  by equation  [4-13], this is  the cascad ed  
com b in ation  o f  the current lo o p  dynam ics and the nom inal plant m od el. T he  
m ultip licative bounds for this m odel can be calcu lated  using  the M atlab function  
'perbou.m ' g iven  in A ppendix  B . T he resulting m ultip licative uncertainty bounding  
m o d e l is not reproduced here.
T h e  m ultip licative uncertainty m odel and corresponding m ultip licative uncertainty  
b ou n d in g  m od el for a variation in load  v isco sity  is g iven  in eq uation  [4-14]. T h ese  
m od els are param etrised as a function o f  A. T he corresponding m o d els  fo r  variations 
in load  inertia and am plifier gain are g iven  in equations [4-15] and [4-16] resp ectively .
0
0
- 2 . 323e4s -  5 .3 9 12e8  K
m ~ s 2 +  9 .6268<?45 +  5.111 e l  Js + B
[4-13]
P = — - —
m Js + AB ’
_ ( 1 ~ A  )B 
<&B Js + AB
[4-14]
21 The subscript 'n' stands for nominal. The nominal inertia is the nominal load inertia plus the 
nominal motor inertia
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Pm A Js + B ’
[4-15]
~  j , n ’ ^  U) “ A 1Js + B
[4-16]
F igure [4-12] sh o w s frequency p lots fo r  the com plem entary sen sitiv ity  fu n ction s at 
each  sta g e  o f  the L T R  procedure and the reciprocal o f  each  o f  the m ultip licative  
uncertainty bounding m od els fo r  each  uncertainty. T able [4-11] con ta in s the legen d  
fo r  th is figu re. From  the figure it can be seen  that stability con d ition  [3-41] fa ils, recall 
from  sec tio n  3 .2 .3  that stability fails i f  the com plem entary sen sitiv ity  fu n ction  is 
a b o v e22 the reciprocal o f  a m ultip licative uncertainty bounding. T his co n d itio n  fails on  
the first and seco n d  L T R  iteration for a structured variation in load  inertia  (L 3). 
Failure a lso  occu rs fo r  all L T R  iterations w hen  all the structured variations even ts  
o ccu r  at o n ce  (L 5).
Failure in each  ca se  occurs at the peak frequency o f  the com p lem en tary  sensitiv ity  
fu n ction s. T he m agnitude o f  the o v ersh o o t can be con tro lled  by se lec tin g  a m ore  
d am ped  LQ  contro ller  d esign . Indeed  the LQ G  d esign  is  at best on ly  as g o o d  as the  
L Q  d esign . T hus the L Q  d esign  m ust first satisfy  the stability bounds ou tlin ed  ab ove. 
F igure [4-13] contains the com plem entary sensitiv ity  fu n ction s fo r  th e  orig inal inverse  
square d esign  and the less dam ped inverse square LQ  d esign . From  the figu re  it  is 
apparent that the original inverse square d esign  satisfies the stab ility  bound  
sp ec ifica tio n s. T his d esign , on the other hand, fails to  satisfy  the settlin g  tim e  
sp ec ifica tio n . A  contro ller  b etw een  these tw o  d esign  cou ld  m eet the stability  
sp ec ifica tio n s and m in im ise  the settling tim e o f  the design .
A s the bandw idth o f  the LQ  controller is w id en ed  the com p lem en tary  sensitiv ity  
fu n ction  w ill advance in frequency. This advance is constrained  or bou n d ed  by the  
m ultip licative uncertainty bounds attributed to the current am plifier dynam ics. This 
bound sets  the m axim um  availab le  bandw idth for the c lo sed  lo o p  system .
U sin g  th ese  techn iques the d esign er is presented graphically w ith  all the n ecessary  
in form ation  to m ake an in form ed  d ec ision  about the c h o ic e  o f  estim ator  and contro ller  
d esig n s. In m any ca ses  the d esign er  m ay be forced  to relax the d esig n  sp ecifica tion s.
22 The word above is used as a graphical interpellation of the condition | 4^j >  |5 j .
91
For example the specified settling time can't be realised for the given load variation 
specification. However the settling time can be realised if the specified variations in 
load parameters are no more than twice the nominal load parameters. Alternatively 
relaxing the settling time specification would insure a design which meets the load 
specifications
Relaxmg the design specifications for the load may seem like a senseless design 
strategy however in a real system if the variation on load parameters are in the order 
of three times the nominal plant values, perhaps it is the motor specifications that 
should be reviewed. This would have a knock on effect reducing the controller design 
specifications. The performance of the resulting controller would not be sacrificed to 
meet the unrealistic load specifications
Figure [4-14] shows that stability bounds are satisfied for the third and fourth stage of 
the LTR procedure for the damped LQ design, however the settling time 
requirements is not realised m this design
Frequency (rad/sec)
Fig. [4-12] Stability Bounds LQG designs, (under-damped).
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Label Description A
L I M ultip licative uncertainty current am plifier.
L 2 M ultip licative uncertainty load  v isco sity . 3
L3 M ultip licative uncertainty load  inertia. 3
L 4 M u ltip licative uncertainty saturation gain. 0 .5
L5 A ll m ultip licative uncertainties
L 6 M u ltip lica tive  uncertainty T achogenerator filters
LQ 1 Inverse square m ethod  (dam ped)
L Q 2 Inverse square m ethod  (under-dam ped)
K (1 to 4 ) C om plem entary sensitiv ity  function  for  each  L T R  
iteration.
Table [4-11] Legend for Figure [4-12], [4-13] and [4-14].
Frequency (rad/sec)









4.3 Noise Attenuation and Disturbance Suppression .
In the previous exam p le a co n c ise  system atic  procedure is applied  in  the d esig n  o f  a 
L Q G /L T R  controller. T he d esign  procedure should  result in an optim al contro ller  
w h ich  sa tisfies the robustness constraints o f  the d esig n  sp ecifica tion . A s a general rule  
w h en  th ese  tw o  criteria con flict, robustness w ill h o ld  p reced en ce o v er  optim ality. 
O n ce the robustness and optim ality issu es have been  reso lv ed , the disturbance  
suppression  and n o ise  attenuation issu es then hold  p reced en ce. T h e  p reced en ce  o f  the  
latter issu es depends on  the particular application . I f  the d esig n  fa ils to  reso lv e  these  
is su e s , the structure o f  the controller and/or d esig n  sp ec ifica tio n s sh o u ld  b e rev iew ed .
In this sec tio n , variations on  the controller  structure w ill be exam in ed  w ith  particular 
attention  tow ards the d isturbance suppression  and n o ise  attenuation issu es .
In sec tio n  3 .3 .3 .3  the u se  o f  a frequency shaped recovery  procedure is ad op ted . A n  
im portant property o f  this procedure is  the increased  ro ll-o ff rate o f  the resulting  
com p en sator . T hus the F S -L T R  procedure provides superior n o ise  attenuation  for  
freq u en cies ab ove the c u t-o ff  frequency o f  the frequency shaping filter. Furtherm ore  
the F S -L T R  procedure injects fictitious n o ise  at the frequencies w h ere  recovery  is 
required. T hus the c u t-o ff  frequency o f  the estim ator is o ften  red u ced  a llow in g  the 
superior ro ll-o ff rates o f  the L Q G  com p en sator  to o ccu r  at a lo w e r  frequency. T his in 
turn further enhances the n o ise  attenuation properties o f  the resu lting com p en sator  
d esign .
In sec tio n  3 .3 .3 .4 , the u se  o f  frequency shaped L Q G  d esign , in particular proportional 
plus integral frequency shaping w as introduced to provide im p roved  disturbance  
su p p ression . In this sec tio n  this procedure w ill be applied  to  the nom inal d esig n  to  
en h an ce the su p p ression  properties o f  the d esign .
In this d esig n  the L T R  procedure is im plicitly  used. T w o  d esig n s are con sid ered , a 
L Q G  con tro ller  w ith  proportional plus integral frequency shaping (P I-L Q G ) and a 
L Q G  con tro ller  w ith  d isturbance feedforw ard (D E -L Q G ). In each  ca se  a n ew  d esign  
param eter is in troduced  into the design .
In the P I-L Q G  d esign  an additional cost-in d ex  w e ig h t is in trod u ced  to the c o s t  
fu n ction , this w e ig h t se ts  the c o s t  o f  the integral state  during the L Q  d esign . T he  
d esign  procedure for the se lectio n  o f  this free d esign  param eter is to  increase the
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param eter until the integral state m akes an equal contribution  to  the overa ll co st . In 
practice, as the con troller  d esig n  param eter p is increased  the resp o n se  tim e o f  the LQ  
d esig n  sh ou ld  increase, h o w ev er  the relative resp on se  characteristics sh o u ld  remain  
the sam e. This d esign  param eter w ill determ ine the sp eed  at w h ich  a d isturbance is 
su p p ressed . N orm ally  in servo  applications, the d isturbance su p p ression  tim e should  
be at a m inim um . In general the robustness bounds w ill se t  a lim it on  this param eter, 
thus lim iting the disturbance suppression  perform ance o f  the con tro ller . B y  altering  
the rem ain ing co st-in d ex  w e ig h ts  a com p rom ise  can o ften  be reached.
In the D E -L Q G  d esign  a sim ilar free param eter ex ists  fo r  the estim ator  d esig n . This 
param eter is the variance o f  the w hite n o ise  driving the bias e stim ate . A gain  the  
am plitude o f  this param eter is increased until a satisfactory  resp on se  is  obta ined . T he  
s iz e  o f  this param eter w ill determ ine the sp eed  at w h ich  a d isturbance is su p p ressed . 
A g a in  the c h o ice  o f  this param eter is governed  by the stab ility  bounds.
For the p urpose o f  com parison  betw een  d esign s a m od el fo r  the system  ex c ite d  by a 
disturbance is  required. In this case  a d isturbance is  assu m ed  to be entering the system  
at the input to  the plant. Figure [3 -2 5 ] dep icts this situation . A  m o d el from  
disturbance to plant ou tput can be described  by equation  [4 -1 7 ] , w h ere  A B C D  
d escrib es the com p en sator  and <&TH describes the p la n t
A BH BH 'o'
x, + y r +- r c  <S>-TDH K -Y D H r
w * = [ °  H ]xk
From  the results o f  sec tio n  3 .2 .3  it is k n ow n  that for g o o d  disturbance su p p ression  the 
singular value o f  the sensitiv ity  function  m ust be sm all for a g iv en  disturbance  
frequency. T his property w ill be used for com parison  o f  d ifferent im plem entations. 
From  the sectio n  on  con troller  loop  recovery  it is apparent that the d isturbance  
attenuation  properties o f  the d esign  im prove as the bandw idth o f  the con tro ller  is 
w id en ed . T his im p rovem en t can be seen  through the m igration o f  the sensitiv ity  
fu n ction  forw ard in frequency. F igure [4 -1 5 ] conta ins the sen sitiv ity  and 
com p lem en tary  sen sitiv ity  functions for the L Q G , P I-L Q G  and D E -L Q G  
im p lem en ta tion s. From  the figure it is apparent that the PI-L Q G  and D E -L Q G  d esig n s  
o ffe r  superior d isturbance rejection properties.
96
Fig. [4 -1 5 ]  Sensitivity plots for L Q G , P I -L Q G  &  D E -L Q G  designs.
T h e corresp on d in g  stability bound p lot fo r  the system  is  g iven  in F igure [4 -1 6 ] , here  
on ly  the w o rst case  bound is presented (L 5 ). N o te  that the P I-L Q G  and D E -L Q G  
d esig n s are eq u iva len t insofar as each  d esign  can  perform  as w e ll as the o th er  g iv en  a 
su itab le  ch o ice  o f  the d esig n  param eters. F igure [4 -1 6 ]  sh o w s h o w  th ese  d esign  
param eters are bounded  by a w orst case  m ultip licative uncertainty23. I f  the free  d esign  
param eters are further increased  the stability con d ition  w ill fail. T hus the d isturbance  
su p p ression  resp on se  tim e is se t  by th ese stability bounds. F igure [4 -1 7 ]  sh o w s  the  
corresp on d in g  disturbance resp on se for each  d esign . A  d isturbance su p p ression  
resp on se  tim e o f  approxim ately  160m s can be realised w ith  the D E -L Q G  and P I-L Q G  
d esig n s. F igure [4 -1 8 ]  d ep icts the N yq u ist p lots for th ese d esig n s.











Fig. [4-16] Stability Bounds 5kHz.
Fig. [4-17] Disturbance response.
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F ig . [4 -1 8 ]  N y q u is t  p lo ts .
T ab le  [4 -1 2 ]  sum m arises the d esign  param eters and T able [4 -1 3 ]  sum m arises the  
perform ance properties o f  the resulting d esign s. From  the d esig n  param eters it  is 
apparent that the gam m a value for the controller d esign  is relatively  sm all. R eca ll the  
resu lts estab lished  in sectio n  3 .2 .1 .1 , the gam m a va lu e can be u sed  to  estab lish  a 
su itab le  ch o ice  o f  sam ple frequency for a g iven  ch o ice  o f  bandw idth. T hus i f  there is 
am ple processin g  resou rces available, the d esign er has the o p tion  to in crease the 
sam p le  frequency and avail o f  the im proved robustness m argins. F igure [4 -1 9 ]  sh o w s  
the com plem entary  sen sitiv ity  functions bounded by the w o rst ca se  stab ility  bound for  
a sam p le  frequency o f  2 0k H z. O bserve that the m argins b etw een  stab ility  and  
instability  have increased . T his increase can  be exp lo ited  by increasing the free d esign  
param eter in the P I-L Q G  or D E -L Q G  d esign s, thus im proving the disturbance  
su p p ression  resp on se  tim e o f  the designs. T able [4 -1 4 ]  conta ins the perform ance  
resu lts fo r  the increased sam p le  frequency.
A lternatively , the d esign er  m ay c h o o se  to use this increased stability  m argin to reduce  
the bandw idth o f  the estim ator, thus im proving the n o ise  attenuation  properties o f  the  
d esign . R ecall that as the bandw idth o f  the estim ator is red u ced , the rob u stn ess o f  the  
L Q G  d esig n  is reduced . T his reduction in robustness m anifests itse lf  w ith  increased  
o v e r sh o o t  in the com plem entary sensitiv ity  function . T ab le  [4 -1 5 ]  con ta in s the  







Sample frequency 5000 Hz
Gamma 0 7786
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Input cost weight matrix 1
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Table [4-12] Design parameters PI-LQG and DE-LQG.
0  
1 0  
0  0
Property PI-LQG DE-LQG
Gam Margin 12.18 dB 12 18 dB
Phase Margin 52.19° 53.12°
Distur. Atten. @ PI -61.1 dB -59.4 dB
Noise Suppr. @ P2 -22.7 dB -22.7 dB
Table [4-13] Performance results 5kHz.
Property PI-LQG DE-LQG
Gam Margin 13 36 dB 13.36 dB
Phase Margin 58.09° 58.9°
Distur. Atten @ PI -66.1 dB -54 5 dB
Noise Suppr @ P2 -11.6 dB -11.6 dB
Table [4-14] Performance results 20kHz.
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Property PI-LQG DE-LQG
G ain M argin 17.2  dB 17 .2  dB
P h ase M argin 5 2 .1 ° 5 0 .6 3 °
D istur. A tten . @ P I -5 4 .8  dB -5 6 .3  dB
N o is e  Suppr. @ P2 -3 1 .6  dB -3 1 .6  dB
Table [4-15] Performance results 20kHz pe =  2 0 0 .
Frequency (rad/sec)
Fig. [4-19] Stability bounds 20kHz.
A s sta ted  p reviou sly  the PI-L Q G  and D E -L Q G  d esign s can  provide the sam e  
disturbance suppression  and n o ise  attenuation properties, g iven  a su itab le ch o ic e  o f  
d esig n  param eters. T he D E -L Q G  d esign , h ow ever, offers superior com m and resp on se  
properties. T his can  be seen  by a com parison  o f  im pulse resp on ses. F igure [4-20] 
sh o w s the im pulse resp on se  for each  com p en sator  d esign . T he o v ersh o o t a ssocia ted  
w ith  the P I-L Q G  d esign  puts a greater dem and on  the actuator. T he D E -L Q G  design  
is favou red  b ecau se  o f  the superior com m an d  response properties.
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No. of Samples
F ig . [4 -2 0 ]  Im p u lse  r e sp o n se .
In m o st applications there is a lim it on  the availability o f  p rocessin g  resou rces so  the  
o p tion  o f  increasing the sam ple frequency m ay be restricted  by the c h o ic e  o f  
d ev e lo p m en t p latform s. In such  a situation the Kalm an S m ooth er im plem entation  can  
be used . F igure [4 -1 8 ] sh o w s the robustness im provem ents available from  the Kalm an  
sm o o th er  im plem entation. T h ese  robustness im provem ents again m anifest th em selves  
w ith  a reduced  o v ersh o o t in the com plem entary sensitiv ity  fu n ction . This in turn 
a llo w s  the ab ove disturbance suppression and n o ise  attenuation trade-offs to be m ade. 
T h e u se  o f  the Kalm an sm ooth er im plem entation  h o w ev er  in troduces additional 
com p u tation a l overhead  in the com p en sator d esign . Indeed  the steady sta te  Kalm an  
sm o o th er  requires approxim ately tw ice the com putational resou rces o f  the Kalman  
p red ictor-corrector estim ator.
W here com p u tation  resources are a fundam ental consideration  in the ch o ic e  o f  a 
d esig n , the co n v erse  o f  the results estab lished  in section  3 .2 .1 .1  can  be applied , 
nam ely the use o f  the gam m a value to establish  a su itable bandw idth for a g iven  
sam p le frequency. T his approach w ill further im prove the n o ise  attenuation  properties 
o f  the d esig n , as the bandw idth o f  the corresponding estim ator can be further reduced  
w ith  a reduction  in contro ller  bandw idth. Indeed , w h ere the m easu rem en t n o ise  is
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h igh , the n o ise  attenuation properties o f  the estim ator can  d ictate  the ban d w id th  o f  the  
con tro ller  d esign .
In this particular im plem entation  a 5k H z D E -L Q G  d esig n  u ses m o st o f  the available  
com p u tation a l resou rces. Thus the op tion  o f  increasing sam ple freq u en cy  is n o t  
availab le. Furtherm ore, in the ca se  o f  the reso lver  transducer the sign al to  n o ise  ratio  
is lo w , this is a co n seq u en ce  o f  the d eve lop m en t environm ent. In d eed , on ly  12 bits o f  
in form ation  is available from  each  reso lver channel. T h e u se o f  an o v er  sam pling  
techn ique on  the reso lver  channels w ill increase the signal to n o ise  ratio , but w o u ld  
a lso  increase the com putational overhead o f  the d esign . T hus for the p u rp ose o f  this 
im plem entation  the gam m a value is used  to se t  the bandw idth o f  the co n tro ller  fo r  a 
sam p le frequency o f  5k H z. T he stability bounds are then u sed  to halt the L T R  
procedure at the lo w e st perm issible bandw idth for the estim ator  d esign . This 
approach  op tim ises the robustness and m axim ises the n o ise  attenuation  properties o f  
the d esig n .
B y  reducing the bandw idth o f  the LQ  controller it fo llo w s  that the resp on se  tim e o f  
the d esig n  w ill be reduced. H o w ev er , as the bandw idth is  reduced  the com plem entary  
sen sitiv ity  function  m igrates d ow n  in frequency. This m igration increases the bound  
b etw een  stability and instability. This increased  bound can be u sed  to  relax the  
dam ped constraint in the co st-w e ig h ts  o f  the LQ  d esign . B y  relaxing this constraint 
the degradation  in resp on se  tim e can be o ffse t  to so m e  exten t. A lternatively  this 
increased  bound can  be used to reduce the bandw idth o f  the estim ator  d esig n , thus 
im p rov in g  the n o ise  attenuation properties.
T ab le  [4 -1 6 ]  sum m arises the d esign  param eters for a D E -L Q G  d esign  w h ere the  
bandw idth o f  the LQ  d esign  is reduced. T he increased  stability m argin is u sed  to  both  
o ffse t  the degradation  in the response o f  the d esign  and reduce the bandw idth o f  the  
estim ator , thereby im proving the n o ise  attenuation properties o f  the L Q G  d esign . 
T ab le  [4 -1 7 ]  conta ins the resulting perform ance properties o f  the d esign . From  the  
table it is apparent that there is a m arked im provem ent in the n o ise  attenuation  
properties o f  the d esign . T his h o w ev er  is at the exp en se  o f  the other perform ance  
properties.
Figure [4 -2 1 ]  dep icts the theoretical and physical step  resp on ses o f  the latter d esign . 
From  the figure it is apparent that the physical resp on se  adheres to the theoretica l 
d esign . It is a lso  apparent that the d esign  realises a settlin g  tim e o f  approxim ately  
120m s. T h e  disturbance resp on se o f  the real system  is sh ow n  in F igure [4 -2 2 ] , this
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resp on se  is produced  by a square w ave d isturbance torque applied  through the load. 
F igure [4 -2 3 ]  dep icts the estim ate o f  this d isturbance torque as seen  by the plant. 
From  th ese  figures it is apparent that a d isturbance torque o f  7 N m  is rejected  in 









Sam ple frequency 5 0 0 0  H z
G am m a 0 .9 6 0 6
C ontroller d esig n  param. 30
E stim ator d esign  param. 5 0 0 0
State c o s t  w e ig h ts  m atrix, ( V l5 0  0
I  0 l /n \
Input co st  w e ig h t m atrix 1
a
R
State n o ise  covarian ce  
m atrix.
M easurem ent n o ise  cov .
0.000011 0 0
0  1 0
0 0 0
1
Table [4-16] Design parameters for improved noise attenuation (DE-LQG).
Property
G ain M argin  
P h ase M argin  
D istur. A tten . @ P I  
N o is e  Suppr. @ P2  
C om m an d  response T im e  
D isturbance resp on se  T im e
DE-LQG
12.56  dB  
4 9 .2 °  
4 7 .9  dB  
4 3 .5  dB  
= 150m s 
*  230m s
Table [4-17] Performance results corresponding for Table [4-16].
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F ig . [4 -2 1 ]  P o s it io n  s te p  r e sp o n se .
Time (Sec)
Fig. [4-22] Disturbance response.
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Time (Sec)
Fig. [4-23] Disturbance estimate.
In co n c lu sio n , the realisation  o f  a robust d esign  is at the ex p en se  o f  the resp o n se  tim e  
for the c lo se d  lo o p  system . A  dam ped LQ  d esign  is required to  m ee t the robustness  
sp ec ifica tio n s, furtherm ore the m axim um  bandw idth o f  the co m p en sa to r  is  se t  by 
th ese  sp ecifica tion s. A s the bandw idth o f  the controller  is increased  the stability  
bounds n ecessita te  increasing the dam ping used  in  the contro ller  d esig n . H en ce  there  
ex ists  a lim it on  the resp on se  tim e o f  the d esign . W ith the realisation  o f  su ch  a lim it 
the bandw idth  o f  the contro ller  d esign  needs to be m inim ised, thereby a llow in g  the 
estim ator  bandw idth to be m inim ised. This in turn m axim ises the n o ise  attenuation  
properties o f  the d esign .
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4.4 Motor Current Information.
It is apparent from  the tw o  previous exam ples that the com pensator's perform ance is 
bounded  by the unm odelled  dynam ics o f  the current am plifier. In this sec tio n  these  
d ynam ics w ill be included  in the com p en sator  d esign . From  the sec tio n  on  the 
identification  o f  the current am plifier (S ec tio n  4 .1 .1 )  a seco n d  order approxim ation  o f  
the current loop  dynam ics is available. E quation [4 -1 8 ]  describes a d iscrete  tim e 
approxim ation  o f  the current loop  for a sam p le  freq u en cy  o f  5kH z.
1 .2 3 3 5 ; -  - 0 . 1659z~:
Ie z - 0 .8 9 7 5 z  + 4 . 3 4 S e z
T h e com p en sa to r  in this section  is d esign ed  using  the original m otor  m odel 
au gm ented  w ith  this current lo o p  m odel. T w o  variations on  this d esig n  w ill be 
con sid ered , on e w ith  the availability o f  current m easurem ent in form ation and the 
oth er w ith ou t. For a full d igital controller im plem entation  the arm ature current is 
availab le, this inform ation is necessary fo r  the im plem entation  o f  a d igita l current 
lo o p . T he arm ature current can thus be u sed  in the serv o  com p en sator  d esig n  w ith o u t  
additional hardware c o s ts  or com p lex ity . T his current inform ation is treated  as a 
m easurem ent in the Kalm an estim ator d esign . T he benefits o f  m aking u se  o f  this 
current in form ation  is  h igh lighted  during the d esign  process.
T h e augm ented  plant com prises four sta tes, nam ely p osition , v e lo c ity  and tw o  
can on ica l sta tes attributed to the current lo o p  dynam ics. F igure [4 -2 4 ] d ep icts a L Q G  
serv o  for a d esign  w ith  current and p osition  m easurem ents. T his serv o  is an input 
referen ce servo  d esign . Such a d esign  in troduces additional im plem entation  
co m p lex ity , for  n o w  a reference m odel is required for the canon ical current sta tes. In 
reality on ly  p osition  and v e lo c ity  servos are required. F igure [4 -2 5 ] d ep icts a m ore  
favourable d esign  w hich  elim inates the need  for a canon ical current referen ce m odel. 
T h e ou tp u t from  the position  and ve loc ity  servo  ue is u sed  as a current referen ce for  
the cascad ed  current stage . This design  can still regulate the arm ature current. Indeed  
the arm ature current can be lim ited  by in troducing a saturator on the current reference  
in p u t
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Fig. [4-24] LQG servo with current loop model.
Fig. [4-25] LQG with position and velocity references.
In the p rev iou s d esign  exam p le a disturbance feedforw ard  techn ique is  u sed  to  
o v erco m e  the e ffec ts  o f  disturbance torque entering the plant. In this exam p le  a 
sim ilar strategy can  be d ev e lo p ed , Figure [4-26] dep icts the situation . H o w ev er , w ith  
this d esign  the d isturbance estim ate, w hich  is m odelled  as a bias entering the m otor, 
m u st be sca led  by the gain o f  the current am plifier before feed in g  it forw ard . A s seen  
in sec tio n  4 .1 .1 .1  on  the identification o f  the current lo o p , the gain o f  th e  current 
am plifier is not constant. T hus the asym ptotic rejection  o f  a d isturbance is  not  
p ossib le  during am plifier saturation. H en ce a better strategy  is to  m o d el the  
disturbance as a bias entering the plant at the input to  the current am plifier, thus 
elim inating the n eed  for scaling and inherently overcom in g  the sid e  e ffec ts  a ssocia ted  
w ith  the saturation o f  the current am plifier. F igure [4-27] d ep icts th is latter situation .
T h e latter configuration  is h ow ever  on ly  valid for a d esign  w h ich  d o e s  n o t include a 
current feed b ack  m easurem ent, in w hich  case  a bias estim ator at the input to  the 
m otor  m od el is reflected  through the current am plifier and is thus describ ed  as a bias 
at the input to the current am plifier. In the d esign  w hich  includes a current 
m easurem ent the current feedback  prevents the reflection  o f  the d isturbance torque  
through the current am plifier, w ith ou t treating the m easurem ent as the sum  o f  the 
arm ature current and the e ffe c tiv e  disturbed current.
T he d isturbance torque estim ate configuration (Figure [4«26]) is m ore app licab le for  a 
d esig n  w hich  includes a current m easurem ent. T he problem s a sso c ia ted  w ith  the 
saturation o f  the current am plifier are inherently o v erco m e. T he current m easurem ent
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inform ation w ill reflect the saturation o f  the current am plifier. T h u s asym ptotic  
rejection  o f  a disturbance is still available in  the p resence o f  a saturating am plifier.
F ig . [4 -2 7 ]  D E -L Q G  w ith  d is tu r b a n c e  c u r r e n t
4.4.1 Current Loop Model with No Current Measurement.
T h e first d esign  to  be considered  in this section  is a D E -L Q G  co m p en sa to r  for the  
plant m od el augm ented  w ith the current loop  dynam ics. For this exam p le  armature 
current inform ation is not available. D isturbance torque entering the system  is 
m o d elled  as a bias entering the system  at the input to  the current lo o p . F igure [4-27] 
describ es this situation . T he H'  matrix m aps the reference current to  the stead y  state  
referen ce can on ica l current states. For this d esign  the K alm an pred ictor-corrector  
co m p en sa to r  is  u sed  (equation [3 -8 3 ]) .
F igure [4 -2 8 ]  sh o w s the com plem entary sensitiv ity  function  and the relevant 
m ultip licative uncertainty bounds for this design . W ith the in troduction  o f  the current 
lo o p  d ynam ics into the controller design  the associa ted  m ultip licative uncertainty  
bounds fo r  the current lo o p  dynam ics are rem oved  from  the robustness analysis. T he  
rem oval o f  the current lo o p  m ultiplicative uncertainty bounds h o w ev er , perm its the 
p rev iou sly  sh a d o w ed  m ultiplicative uncertainty associa ted  w ith  the T ach ogen erator  
filters (L 6 ) to be con sid ered . In addition there are sim ilar bounds a ssoc ia ted  w ith  the 
anti-a liasing filters and post-sam pling  filters w hich  are sh a d o w ed  by the 
T ach ogen erator  filter  uncertainty. T o  sim plify the d esign  th ese are n o t included  at this
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sta g e . H o w e v e r  the d esign er  m u st be aw are o f  the accu m u lative  e ffe c t  o f  all these  
bounds w h ich  results in a tighter stability bound. T hus w h ere su ch  approxim ations  
take p lace the d esign er  m ust a llow  for  the fact that th ese  are con servative  
approxim ations o f  the stability bounds. T he w orst ca se  m ultip licative uncertainty  
w h ich  com p rises the accum ulative e ffects  o f  all the uncertainties is  lab e lled  L 5.
F ig . [4 -2 8 ]  D E -L Q G  w ith  c u r r e n t  lo o p  m o d e l.
O n com paring  F igure [4 -2 8 ]  w ith  Figure [4 -1 6 ] the benefits o f  including the current 
lo o p  d ynam ics in the controller  d esign  can be readily seen . T h e w o rst ca se  
m ultip licative uncertainty (L 5) has lifted  up and exp an d ed  the stability  bound. 
Furtherm ore the c u t-o ff  point fo r  the w o rst case  stability bound occu rs at a higher  
frequency. T he com plem entary sensitiv ity  function  can n o w  be ad van ced  forw ard in 
frequency sin ce  it is no lon ger  bounded by the current lo o p  m ultip licative uncertainty. 
In this particular ca se  the d esign er ch o o ses  not to increase the bandw idth o f  the 
com plem entary  sensitiv ity  function , but instead  to relax the dam ped constraints o f  the  
LQ  d esign  w hich  w ere  necessary  to m eet the robustness sp ec ifica tio n s. In d o in g  so  
the d esign er  can realise faster resp on se tim es, w h ile  m aintaining the n o ise  suppression  
properties o f  the d esign . R ecall that as the dam ping constraints o f  the d esig n  are 
relaxed the peak am plitude o f  the com plem entary sen sitiv ity  function  increases.
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A lternatively  the d esign er  m ay d ecide to halt the L T R  procedure at an earlier  
iteration , w h ich  w ill result in a com p en sator  w ith  im p roved  n o ise  suppression  
properties. R eca ll that as the bandwidth o f  the estim ator is reduced  the rob u stn ess o f  
the d esig n  d isim p roves. T his d isim provem ent m anifests itse lf  in an increased  
o v ersh o o t in the com plem entary sensitiv ity  function . T he d esign er  a lso  has the option  
to im p rove  the d isturbance response tim e o f  the d esign .
In this particular d esign  the im proved stability bounds are u sed  to  sp eed  up both  
resp on se  to  com m and and disturbances. Figure [4 -2 9 ] sh o w s the step  resp o n se  o f  the 
physical system  for  this design . In this particular exam p le the con tro ller  is 
im plem ented  as a regulator. From  the figure it is ev id en t that the resp on se  tim e o f  the  
d esign  has im proved . This im provem ent is ach ieved  w h ile  still m aintaining the 
bandw idth  o f  the orig inal d esig n  and corresponding n o ise  attenuation properties.
F ig . [4 -2 9 ]  S te p  r e sp o n se .
F igure [4 -3 0 ]  sh o w s the p osition  response for a step  disturbance torque applied  to  the 
system through the load , again the im proved response tim e is ev id en t. T h e figure  
sh o w s asym p totic  rejection  o f  the disturbance torque w ithin approxim ately  150m s. 
F igure [4 -3 1 ]  sh o w s the corresponding v e lo c ity  resp on se  for this step  d isturbance. On
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comparison with the previous design it is apparent that the inclusion o f the current 
loop dynamics has reduced the velocity npple.
Time (sec)
Fig. [4-30] Perturbed position response.
The reader must be cautioned over the interpretation of figure [4-30] and [4-31]. 
These results are the estimated position and velocity responses, which may contain 












Fig. [4-31] Perturbed velocity response.
F igure [4-32] sh o w s an estim ate o f  the d isturbance as seen  at the m put o f  th e  current 
lo o p  This figure a lso  contains the resulting ou tput from  the D E -L Q G  com p en sa to r  
From  the figure the am plitude o f  the disturbance estim ate seen  at the m put to the 
current lo o p  is  approxim ately  0  2 5 , the eq u iva len t d isturbance torque seen  at the m put 
to  the m otor  is g iven  by equation [4-19] T hus the system  asym p totica lly  rejects a  
d isturbance o f  12 N m  in  approxim ately  150 m s T he com p en sator  ou tp u t sh o w s  that a 
p eak  current o f  approxim ately 4 5  A m ps and a con tin u ou s current o f  2 5  A m p s is 
required to reject a disturbance o f  this m agnitude
Td = 0  25*K2 *Kt = 1 2  21 Nm [4-19]
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Time (sec)
Fig. [4-32] Disturbance estimate and compensator response.
T h e L Q  c o s t  w e ig h t m atrix used  in this d esign  is g iven  in T ab le  [4-18]. B ryson's 
inverse square m ethod  is used  to assign  w eigh ts to the canon ica l current sta tes. T he  
m axim um  rated current for the d esign  is 5 0  A m ps. D uring this d esign  it is  fou n d  that 
the con tro l co sts  for the current states dom inates the overall co st . T his results in a 
con tro ller  w hich  penalises the current and as a co n seq u en ce  exh ib its a dam ped  
resp o n se . Indeed  by using B ryson's inverse square m ethod  the c o s ts  attributed to  
m axim um  armature current is w eigh ted  the sam e as the c o s t  a sso c ia ted  w ith  a 
m axim um  p osition  d eflection . Thus by this d esign  m axim um  current is d elivered  by 
the con tro ller  to ov erco m e a disturbed position  d eflection  o f  n  R ads. In reality a 
co n tro ller  w h ich  delivers m axim um  current for a fraction o f  the m axim um  p osition  
d eflec tio n  is required. B y  relaxing the c o s t  w eigh ts a ssocia ted  w ith  th ese  current 
sta tes , the current am plifier is driven harder. This m akes better u se  o f  the amplifier's 
duty cy c le . T o  facilitate this, an additional d esign  param eter pcc is in troduced  into the  




1/T S am ple frequency 5 0 0 0  H z
7 G am m a 0 .8 8 2 6
P c Is' C ontroller d esign  par. 8 0 0
P e c 2 m*Controller d esign  par 1
Pe E stim ator d esign  param. 3 ,0 0 0
Qi
State c o s t  w eigh ts  




Input c o s t  w e ig h t m atrix 1
0










P c / <
a
R
State n o ise  covariance  
m a tr ix .24
M easurem ent n o ise  co v . 1
0 0 0 3 0 0 0 O'
0 + 0 0 0 0
0 0 + 0 0 0
0 0 0 1 0
0 0 0 0 0
Table [4-18] Design parameters with armature current model (DE-LQG).
From  the d esign  param eters sp ecified  in T able [4-18] it is apparent that the gam m a  
va lu e fo r  this d esign  is significantly less than one. This su g g ests  the possib ility  for  
further im provem ent in the design . T he fo llo w in g  op tion s are available to  the  
designer:
• Increase the sam ple frequency
• R ed u ce the controller bandw idth
• C h o o se  an alternative K alm an estim ator im plem entation
24 The +0 stands for a small non-negative number for example 0.00001. This is necessary to ensure 
that the solution of the Hamiltonian matrix is full rank.
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For th is particular exam p le the d esign  w ill be con sid ered  to  be co m p le te . T ab le  [4 -1 9 ]  
con ta in s so m e  o f  the perform ance results for this im p lem en tation
Property DE-LQG
G am  M argin 7 6 7  dB
D o w n  S id e  G M  ~  0
P h ase M argin  3 6  0 0 °
D istur. A tten  @ P I  -5 4  78  dB
N o is e  Suppr. @ P 2 -4 9  38  dB
C om m and R esp  T im e =  60m s
D istur. R esp . T im e =  150m s
Table [4-19] Performance results corresponding to Table [4-18].
4.4.2 Current Loop Model with Current Measurement.
T h e n ex t im p lem en tation  to be considered  is a d esign  w hich  m cludes arm ature current 
in form ation as a m easurem ent in the Kalm an estim ator. F igure [4-27] d ep icts the  
co m p en sa to r  configuration  for this im plem entation . T h e u se  o f  current m easurem ent 
in form ation in this con troller  d esign  in e ffec t  puts a current lo o p  around the ex istin g  
current lo o p . T his d esign  is n o t intended to  replace the ex istin g  current lo o p , but 
m stead  m akes better u se  o f  all the available inform ation about the current lo o p . T he  
d esig n  ob jective  is to u se this inform ation to sp eed  up the disturbance resp on se  
w ith o u t havm g to w id en  the bandw idth o f  the estim ator T his w ill ensure a faster  
disturbance resp on se  w h ile  still m aintaining the n o ise  atténuation properties Indeed  
fo r  a current m easurem ent w ith  a g o o d  signal to n o ise  ratio the bandw idth  o f  the  
estim ator  can  o ften  be reduced , further im proving the n o ise  attenuation properties o f  
the d es ig n . T ab le  [4-20] conta ins the d esig n  param eters u sed  for this d esign .
A s m the previous d esign  exam ple the L T R  d esign  is earn ed  ou t im plicitly  T h e  L T R  
p roced u re is halted  w h en  the com plem entary sensitiv ity  function  sa tisfies the  
co n d itio n  [3-41] for the w o rst case  stability bound (L 5 ) Full robustness recovery  
w o u ld  be at the ex p en se  o f  the n o ise  attenuation properties o f  the d esig n  H en ce  the 
bandw idth  o f  the estim ator is  kept at the m in im um  perm issib le  bandw idth  n ecessary  to  
sa tis fy  the robustness constraints o f  the d esign  sp ec ifica tion
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Param. Description___________ Value
1/T S am ple frequency 5 0 0 0  H z
7 G am m a 0 .8 3 9 4
P c 1" C ontroller  d esign  par. 800
P c c 2 miC ontroller d esign  par 1
P e E stim ator d esign  param. 45
Ô,
02



















State n o ise  covariance  
matrix.
M easurem ent n o ise  cov .
10 0 0 0 0
0 +0 0 0 0
0 0 +0 0 0
0 0 0 0 0
0 0 0 0 0
i 1 °1
|o 1/
Table [4-20] Design parameters for system with armature current model and 
armature current measurements (DE-LQG).
Figure [4 -3 3 ]  contains a p lot o f  the com plem entary sensitiv ity  function  and the  
relevan t stability  bounds. N o te  that the m argin necessary  to satisfy  the stability  
co n d itio n  is a con servative  m argin to a llo w  for approxim ations m ade during the  
c h o ic e  o f  the w orst ca se  stab ility  bound (L 5).
F igure [4-34] sh o w s the corresponding N yq u ist p lot fo r  the final s ta g e  o f  the L T R  
proced u re. From  the p lo t several im portant ob servations can  be m ade, firsd y  the 
N y q u ist p lo t is a lm ost ex clu d ed  from  the G am m a circle, w h ich  im plies that the d esign  
is a lm o st op tim al in a LQ  sen se . T he plot a lso  sh o w s the N yq u ist con tou r  cro ssin g  the 
real ax is for a seco n d  tim e. R ecall from  section  3 .2 .1  the d iscu ssion  regarding the  
d o w n sid e  gain  m argin. In previous d esign s the d ow n sid e  gain m argin w a s zero
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whereas for this design the margin is finite. The interpretation of this finite gam 
margin is that the design could become unstable if the feedback sensors were to faiL 
This is mdeed the case when sensor failure is simulated in the physical plant. This 
potential instability is one of the disadvantages of this latter design.
Frequency (rad/sec)
Fig. [4-33] Complementary sensitivity plot for design with current measurement 
information.
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Fig. [4-34] Nyquist plot for design with current measurement information.
F igure [4 -3 6 ] and F igure [4 -3 7 ] sh o w  the position  and v e lo c ity  resp on se  to  a step  
com m an d  in both position  and velocity . A  settling tim e o f  approxim ately  6 0 m s can  be 
realised  fo r  both th ese com m ands. N o te  that the LQ  portion o f  this d esign  is  the sam e  
con tro ller  u sed  in the previous design . T hus no im provem ent in com m and resp on se  is 
so u g h t for this d esign .
F igure [4 -3 5 ]  sh o w s the linear and non-linear reg ions o f  the current am plifier. A  
settlin g  tim e o f  60m s is  on ly  available w h ile  the current am plifier is in its linear reg ion . 
A  step  ch an ge in com m and position  o f  greater than 0 .1  R ads w ill com m an d  from  the  
current am plifier a current greater than the peak current rating o f  the am plifier, thus 
bringing the am plifier into a non-linear region resulting in a degradation  in resp on se  
tim e. L ik ew ise  a step  ch an ge in com m and ve lo c ity  o f  greater than 5 R ad/s w ill a lso  
bring the am plifier into its non-linear region. F igure [4 -3 7 ] sh o w s this degraded  
resp o n se  for step  ch an ges in ve lo c ity  greater than 5 R ads/s. For a step  ch a n g e  o f  2 0  
R ad s/s a settlin g  tim e o f  approxim ately 80m s is realised. N o te  that by increasing the  
w eig h tin g  fo r  the current states in the controller  d esign  the range Of the Step 
com m an d s for w h ich  saturation occu rs can  be increased. Increasing the current
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weighting will however degrade the overall response time of the design. In this work 
the controller is designed to maximise the response time to small signal commands.
From a practical implementation pomt of view, care must be taken to prevent integral 
windup in the presence of actuator saturation. This is accomplished by constraining 
the errors between the feedback and the reference positions and velocities before 
applying the control law
Fig. [4-35] Saturation limits of the current amplifier.
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Fig. [4-36] Step response to command position.
Fig. [4-37] Step response to command velocity for 5,10,15 and 20 rads/s.
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T h e benefits o f  using  armature current feedback  inform ation in this d esig n  are found  
through the im proved  disturbance response tim es o f  the d esign . F igure [4-38] sh o w s  
the p osition  resp on se  fo r  a step  disturbance o f  approxim ately  12 N m . F igure [4-39] 
sh o w s the corresponding  v e lo c ity  response and F igure [4-40] sh o w s the resulting  
disturbance estim ate. From  th ese figures it is apparent that a disturbance resp o n se  o f  
approxim ately  80m s can be realised.
Fig. [4-38] Position response to a disturbance of 12Nm.
T h e reader m u st be cau tion ed  over the interpretation o f  figure [4-38] and [4-39]. 
T h ese  resu lts are the estim ated  position  and ve lo c ity  resp o n ses, w h ich  m ay contain  
transience internal to the estim ator w h ich  are not present in the p h y sica l response.
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Time (Sec.)
Fig. [4-39] Velocity response to a disturbance of 12Nm.
Time (Sec.)
Fig. [4-40] Armature current estimate for a disturbance of 12Nm.
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Property DE-LQG
G ain  M argin  
D o w n sid e  G M  
P hase M argin  
D istur. A tten . @ P I  
N o is e  Suppr. @ P2  
C om m and R esp . T im e  
D istur. R esp . T im e
5 8 .8 0  dB
0 .3 7 0 4
5 6 .6 3 °
-5 2 .5 8 8  dB  
-5 7 .9 4 1  dB
=  60m s  
=  80m s
Table [4-21] Performance results corresponding to Table [4-20].
In co n clu sio n  it is  apparent from  the perform ance results g iven  in T ab le [4-21] that 
the latter d esig n  outperform s the previous d esig n s. T he n o ise  attenuation  properties o f  
the d esign  can be further im proved  by em ploying  the F S -L T R  techn ique describ ed  in 
sec tio n  3 .3 .3 .3 . R ecall that this technique can increase the ro ll-o ff rate o f  the 
sen sitiv ity  function  and hence im prove the attenuation properties o f  the design . 
H o w e v e r  the current am plifier m od el is in e ffec t  a frequency shaping filter in the  
recovery  procedure. B y  increasing the order o f  the current am plifier m o d e l im proved  
ro ll-o ff  rates cou ld  be realised. T he current ro ll-o ff rate fo r  this d esign  is o f  the order  
o f  6 0 d B /d ecad e . Such  a ro ll-o ff rate is su ffic ien t for norm al serv o  app lications.
T h e G am m a va lu e  for this d esign  su ggests that robustness im provem ents can  b e m ade  
to the d esign  by increasing the sam ple frequency and/or using an alternative Kalman  





W ith  the reducing c o s ts  o f  fa st digital signal p rocessors the c h o ic e  o f  su itab le  contro l 
algorithm s for the com m ercia l sector  has expanded . In this w o rk  a L Q G /L T R  
con tro ller  is presented  as on e  such control algorithm , con ven tion a lly  this algorithm  
b ecau se  o f  its num erical com p lex ity  and com putational overhead  is  n o t o ften  u sed  for  
com m ercia l applications. V ery few  published papers deal w ith  eith er the m eth od  itse lf  
or w ith  the applications orientated studies that have ex p lo ited  the L Q G /L T R  
m eth o d o lo g y . A s a co n seq u en ce , this pow erfu l m ethod is  n o t readily a ccessib le  to  the 
practising engineer. In this w ork  a system atic  d esign  m e th o d o lo g y  is  p resen ted  w hich  
ea ses  the d esign  p rocess by m aking it transparent, co n d u c iv e  to  ed u cated  trial and  
error d esign  iterations, and m inim ises the num ber o f  d esig n  param eters. T his w ork  is 
an app lication  orientated study o f  the L Q G /L T R  d esig n  m eth o d o lo g y
C on ven tion a lly  L Q G /L T R  synthesis is perform ed in con tin u ou s tim e, the resulting  
d esig n  is then m apped into d iscrete tim e prior to im plem entation . In previous  
literature very little  consideration  has been g iven  to the rob u stn ess im plication  o f  such  
an approach. For this reason  the L Q G /L T R  d esign  synthesis in this w ork  is perform ed  
in d iscrete  tim e w h ere th ese robustness considerations can  be ob served .
W ithin the servo  control industry tw o position  feed b ack  sen sors are co m m o n ly  used , 
nam ely the op tica l en co d er  and the resolver. T he reso lver  is attractive b ecau se  o f  its 
robust con stru ction  w hich  is particularly su ited  for industrial environm ents. In this 
w o rk  an estim ator structure is d evelop ed  w hich  elim inates the need  for  a reso lver  to  
digital converter. C onventionally  in control applications this co m p o n en t o ccu p ie s  a 
sign ifican t portion  o f  the c o s t  o f  the reso lver interface. T h e elim ination  o f  this 
co m p o n en t partly ju stifie s  the additional co sts  o f  the d ig ita l s ig n a l p rocessor.
A n E xten d ed  Kalm an estim ator is used  to con vert the rectangular coord in ate  position  
inform ation into polar position  inform ation. A  steady state so lu tio n  fo r  the estim ator  
p rov id es a num erically robust and effic ien t so lu tion . T h e ou tputs from  the estim ator  
are then subsequently  used  in a control feedback  lo o p . T h e  op tica l en co d er  has 
severa l advantages o v er  the resolver, the optica l en co d er  d oesn 't require calibration  
during in sta lla tion  as d o es  the resolver, the en cod er is n o t sen sitiv e  to e lectrom agn etic  
in terferen ce and other n o ises as is the resolver. H o w ev er  the increm ental form  o f  the  
op tica l en co d er  w hich  is price com parable to the reso lver  d oesn 't provide absolu te
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p o sitio n  inform ation w hich is a requirem ent for A C  S ervo  app lication . In this w ork  
the tw o  d isadvantages o f  the reso lver described  are o v erco m e  u sin g  a param eter  
estim ation  algorithm  and the filter functionality  o f  the K alm an estim ator.
T h e  reso lver  signals because o f  their analogue origin  are o ften  d istorted , these  
d istortion s in troduce am plitude, bias and phase d iscrepancies o n to  the reso lver  signal 
w h ich  result in a position  error. C onventionally  the e ffec ts  o f  th ese  d istortion s are 
m inim ised  by m atching the gain and phase on the reso lver  channels using  m atched  
filters. T h is calibration  o f  the sensor is perform ed during installation. It is  n ecessary  to  
ensure that th ese param eters w ill not drift w ith  changes in tem perature or o v er  the 
lifespan  o f  the product, the net e ffec t  o f  w hich  is an additional c o s t  and co m p lex ity  in 
the interface d esign . In this w ork  a param eter estim ation  sch em e is presented  w hich  
elim in ates the need  for high to lerance m atched filter com p on en ts on  the reso lver  
channels. This sch em e a lso  elim inates the need  for calibration o f  the reso lver  in terface  
and com p en sates for tem perature drift am ong others. T he sch em e a lso  co m p en sa tes  
fo r  m ism atch es in the reso lver d esign  w hich  is a con seq u en ce o f  a fin ite  m anufacturing  
p ro cess . T hus this param eters estim ator sch em e im proves the reso lver  signal to n o ise  
ratio w h ile  at the sam e tim e reducing co sts  and com p lex ity  o f  the reso lver  in terface, 
the n et e ffe c t  o f  w hich  is to m ake the reso lver a  com p etitive  o p tio n  w h en  c h o o s in g  a 
p osition  feed b ack  sensor.
B o th  sta te  and param eter estim ation  can be com bined  to form  a jo in t estim ation  
sch em e. This sch em e provides an integrated strategy for estim ating  plant sta tes in the 
p resen ce o f  reso lver  im balances. T he sch em e h o w ev er  lacks the num erical e ffic ien cy  
w h ich  c o m es from  a steady state so lu tion  o f  the estim ator problem . S o m ew h a t  
su b op tim al perform ance is available g iven  the realistic assum ption  that the dynam ics 
o f  the param eters are s lo w  in com parison  w ith  the dynam ics o f  the plant. W ith  this 
assu m p tion  the jo in t state and param eter estim ation  sch em e can  be d eco u p led  into  
tw o  separate estim ation  sch em es. T he resolver's im balances d e tected  w ith  the 
param eter estim ation  sch em e are used to correct the m easurem ent in form ation  prior 
to state estim ation . T h e sam p le  frequency used  for the param eter estim ation  sch em e is 
ch o sen  to reflect the rate at w hich the param eters are varying. H o w e v e r  on ly  linear 
im b a lan ces can  be corrected  in  this m anner, hence the suboptim ality .
T h e  num erical e ffic ien cy  o f  the Kalman im plem entation is a fu n ction  o f  the Kalman  
form  u sed  for the estim ator d esign  and on the availability o f  a tim e invariant so lu tion  
or stead y  state  so lu tion  to the estim ator problem . In this w ork  it is sh o w n  that su ch  a 
stea d y  state so lu tion  ex ists  for the non-linear resolver problem . Indeed  it is sh o w n  that
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the reso lver  problem  is a superset o f  the op tica l E n cod ed  estim ator problem . T h e  tw o  
estim ator  d esign s are equ ivalent ex cep t for  the m anner in w h ich  the innovation  
seq u en ce  is evaluated . Thus the subsequent robust contro ller  d esig n s fo r  the reso lver  
problem  is app licab le to the en cod er problem  w ith  the m o d ified  in n ovation  seq u en ce .
For a g iven  servo  controller design  it is n ecessary  to estab lish  bounds on  the 
p erm issib le  load  variations and the e ffects  o f  disturbances on the stab ility  o f  the c lo sed  
lo o p  system . C onventionally  this stability verification  is  perform ed after the contro ller  
d esign . In this w ork  these bounds on load  variations are used  as param eters in the  
con tro ller  d esign . T his results in a w ell integrated con troller  d esign  strategy . T he  
d esig n  autom ates the con ven tion a l d esign  and verification sta g es . T he contro ller  
d esig n  is sp ecified  in term s o f  perm issible variations on the load  dynam ics. T he  
co n ven tion a l tim e dom ain specifications are m axim ised subject to th ese  load  variation  
constraints.
T h e d esig n  strategy used  in this w ork  is to first and fo rem o st sa tisfy  the stability  
constraints subject to the load  variation sp ecifica tion  and then to  satisfy  the tim e  
dom ain  d esign  specifica tion s. O ften  these d esign  sp ecifica tion s m ay be co n flic tin g , the 
robustness sp ec ifica tion s are sa tisfied  but the tim e dom ain sp ec ifica tion s are not. Such  
co n flic ts  can be used  to s iz e  a particular actuator for a g iv en  application .
T h e particular con troller  used  in this d esign  is a linear quadratic gaussian  contro ller  
w ith  lo o p  transfer recovery  L Q G /L T R . T he LQ  con troller  offers attractive robustness  
properties. T he controller has an infinite gain m argin a phase m argin o f  6 0 °  and a 
d o w n  sid e  gain m argin o f  0 .5 . T he LQ G  con troller  in an integration o f  the L Q  d esign  
and a K alm an estim ator u sed  fo r  state feedback . T he loop  transfer recovery  procedure  
is  u sed  to recover  the robustness properties o f  the LQ  d esign .
T h e separation  principle a llow s separate d esign  o f  the L Q  contro ller  and the Kalm an  
estim ator , th ese com b in e to form  the L Q G  controller. T he robustness o f  a L Q G  
con tro ller  is a function  o f  the relative bandw idth o f  the L Q  con tro ller  and the Kalm an  
estim ator . T he L T R  procedure form alises a m echanism  fo r  ch o o sin g  the bandw idth o f  
the estim ator  for a g iven  controller design . In general the bandw idth o f  the estim ator  
is faster than that o f  the controller. A s the bandw idth o f  the estim ator is increased  the  
rob u stn ess o f  the L Q G  d esign  im proves. H o w ev er  as the bandw idth o f  the estim ator  
is increased  the noise attenuation properties of the estimator d isim p rove. T hus the 
rob u stn ess o f  a d esign  is at the exp en se  o f  the n o ise  attenuation properties o f  the  
d esign .
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The LTR procedure will recover the robustness of the LQG controller, however this 
is a blind recovery procedure, robustness is recovered for robustness sake without 
regard for the consequences of that recovery. Indeed as recovery unfolds the 
bandwidth of the estimator is increased, this increase is at the expense of the noise 
attenuation properties of the design, hence further recovery will potentially degrade 
performance. In this work the LQG/LTR synthesis procedure is augmented with a 
loop shaping procedure, robustness recovery is halted when robustness is within the 
established bounds.
In this work a relationship between sample frequency and optimality / robustness is 
established. This relationship provided a means of establishing the sample frequency 
for a particular robustness specification or vice versa. It also provides a technique for 
selecting a particular Kalman implementation. Indeed in an application where the 
computational resources are limited, as is the general case for most commercial 
application, there exists a trade-off between sample frequency, robustness, Kalman 
form and computational overhead. The relationships established in this work provides 
a mechanism for managing these trade-offs.
To overcome the degradation in noise attenuation or improve the noise attenuation in 
general a variation on the LTR design in presented, namely frequency shaped loop 
transfer recovery. Frequency shaping allows recovery to be focused on frequencies 
where the robustness improvements are required and not across the whole spectrum 
as in the case with conventional LTR. The net effect reduces the bandwidth of the 
estimator thus providing superior noise attenuation properties. The FS-LTR design 
augments the estimator and hence the resulting compensator with a minimum phase 
filter, the increased order of the compensator increases roll-off rate in the stopband 
further improving the noise attenuation properties within this band. In the case of this 
design the current amplifier model is used as a frequency shaping filter. The current 
amplifier focuses recovery at the crossover frequency for the closed loop system. The 
current amplifier model performs a dual function.
The disturbance rejection properties of the design are enhanced using a frequency 
shaped LQG design. In this case an estimate of the disturbance at the input to the 
plant is fed forward in the compensator. The disturbance estimator introduces an 
additional design parameter into the estimator design. Indeed there exists a trade-off 
between robustness and the disturbance suppression time of the system. This 
disturbance suppression technique provides asymptotic rejection of a disturbance even
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in the presence of a saturated current amplifier. This feedforward technique performs 
the same role as an integrator in the controller without a degradation in command 
response performance.
By introducing an armature current measurement as an input to the estimator design 
improved noise attenuation and disturbance suppression properties are available. The 
robustness of the design is also improved, indeed the final design is almost optimal in 
a linear quadratic sense.
This work presents a design for a robust optimal servo motor controller with 
particular attention given to a resolver position sensor. The design is first and 
foremost robust, this robustness is at the expense of noise attenuation properties of 
the design. For robust applications it is necessary to have a good signal to noise ratio 
on the sensor interface.
LQG/LTR augmented with loop shaping is a very powerful design synthesis 
procedure. The procedure is conducive to educated trial and error design iterations, 
and offers a well defined trade-off management perspective on controller synthesis. 
Roughly 80% of the design effort is expended in specifying reasonable performance 
trade-off, stability-robustness constraints, and in establishing reasonable weighting 
parameters for the control and output variables. The details of the LQG/LTR and 
loop shaping design account for 2 0 % of the effort.
5.2 Contribution of this Research.
The body of research presented in this dissertation is an extension of the linear 
quadratic controller with loop transfer recovery design methodology developed by 
Doyle in [Doyle 79]. This research augments the LTR procedure with a loop shaping 
halting criterion which places bounds on the robustness requirements of the design. 
This loop shaping criterion establishes physical significance to the interpretation of the 
robustness requirements of the design. This augmented procedure enables the 
designer to perform educated trade-off management between the robustness and the 
noise attenuation properties of the design. There are few published works which 
confront the practical design issues of a LQG/LTR controller, this research is 
presented as one such practical implementation of the LQG/LTR design methodology.
Discrete time LQG/LTR design issues have been studied by Maciejowski, Shaked and 
Ishihara in [Maciejowski 86], [Shaked 86] and [Ishihara 86]. These authors consider
129
the robustness recovery issues for the three common discrete implementations of the 
Kalman estimator. In this work the robustness recovery properties of a particular 
discrete Kalman implementation are used as a selection criterion for choosing the 
controller bandwidth, implementation sample frequency and discrete Kalman 
structure.
A unique steady state solution to the extended Kalman estimator problem particular 
to resolver sensor is developed in this work This steady state design aids in the 
practical implementation of the Kalman estimator
5.3 Further Areas for Research.
In this research a position and velocity servo is developed using a LQG/LTR design 
methodology The design assumes the availability of an existing current loop A 
suggested further area of research is to implement a digital current loop, this loop can 
be incorporated into the LQG/LTR design or can be implemented as a separate 
cascaded current loop A digital current loop should incorporate the protection and 
duty cycle functionality of the existing analogue current loop
The jomt state and parameter estimation algorithm presented m this work can be 
extended to deal with further imperfections m the resolver sensor In particular, a 
non-sinusoidal resolver can be constructed cheaper than the existing sinusoidal design. 
The parameter estimator can accommodate a Taylor senes expansion of this 
alternative resolver sensor The steady state solution developed here for the estimator 
problem is however unique to the sinusoidal resolver sensor.
With the availability of ample processing resources improvements to the signal to 
noise ratio of the resolver interface can be established by employmg an oversampling / 
downsampling technique on the resolver channels.
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A.1 Resolver Envelope Detection Circuit.
Each resolver channel must be demodulated so that the sine and cosine information 
can be extracted. A classical envelope detection described by Figure [A-l] will 
perform the task. However the turnon voltage of the diode will cause non-linearities 
at or about the origin of the resulting wave. For this reason a more elaborate 
technique is required. With the availability of the carried signal it is possible to use 
this signal to change the sign of the modulated signal, the resulting waveform is then 
filtered through a low pass filter. The output is the desired sine and cosine 
information. Figure [A-3] describes the circuit and Figure [A-3] described the wave 
form at different stages of the circuit. Note that the carried signal must undergo phase 
correction to allow for the characteristic phase shift of the resolver.
I
Vout
Fig. [A-l] Envelope Detector (passive).
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Fig. [A-2] Envelope Detector (Active).
A-l
Fig. [A-3] Envelope Detector at stages A, B and C.
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A.2 The Inverter.
This section deals with the analytical modelling of the AEG PWM/K Inverter. This 
modelling is carried out to provide validation for the empirical work in the plant 
model identification. Figure [A-3] represents the Inverter broken down into its 










Fig. [A-4] AEG Inverter.
y
A.2.1 Current Loop
Figure [A-4] represents a model of the AEG current loop. The current controller used 
in the AEG PWM/K Inverter is a PI controller with phase lead-lag correction. The 
circuit and transfer function for this controller are given in Figure [A-5] and equation 
[A-l], The output of the current controller is filtered through a low pass filter and in 
turn drives the PWM generator.
Current Controller
Motor Mechanical




Fig. [A-6] Current controller.
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[A-l]
The remaining parameters for the model depicted in Figure [A-5] can be obtained 
from the date sheets or via direct measurement of the component values, Table [A-l] 
shows these values and indicates their sources. A transfer function for the closed loop 
system is given by equation [A-2]25. It is evident from the transfer function that the 
current amplifier has fifth order dynamics. By performing pole zero cancellation on 
this model, the closed loop system can be approximated by a second order system 
given by equation [A-3]. The roots of the closed loop system and its reduced order 
model are given in tables [A-2] and [A-3]. Figure [A-6] represents a Bode plot for full 
current loop and Figure [A-7] represents the step response of the current loop.
Parameter Value Description Source ||
Kb 0.506 Back EMF const. Data Sheets
K, 0.506 Torque Constant Data Sheets
Ks 1/10 Amp/Volt Current Sensor FB Measured
P^WM 14 PWM Gain Measured
La 3.2 mH Inductance @ 1kHz Date Sheets
J 0.0014 Inertia Date Sheets
Kpc 2.3 Proportional Gain Component Values
K,c 476.2 Integral Gain Component Values
La (drive) 2.83 mH Drive Inductance Measured
Ra (drive) 1.226 & Armature Resistance Measured
25This tranter function was obtained using block manipulation functions within matlab.
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La (load) 3.06 mH Load Inductance Measured
Ra (load) 1.130 Î2 Armature Resistance Measured
C l 20 nf Lag Cap. Measured
RII lOOKO Lag Res. Measured
C9 2 2  nf Lead Cap. Measured
R12 10 0KQ Lead Cap. Measured
Cl 9 nf Tach Filter A Measured
C3 9 nf Tach Filter C Measured
Table [A-l] Current loop parameter values
/„ _ -3.638g-12s4 + 1.013g8.?3+9.603gl0r + 2.27gl3j + 5.674gl2 
Ic ~ s5 +1.076g4.y4 +2.23g4s3 +1.347gl0s2 +2.4gl0s + 5.674gll
Poles Zeros
s = -8255 s = 2.783el9
s = -1642.7 s = -494.969
s = -534 s = -453.244
s = -331 s = 0
s = -0 .2
Table [A-2] Root locations of the full closed loop systems
Ia _ I.2e4s + S.44e6




s = -1642.7 s = -453.244
s = -331







-2 0 2 4






10'2 10°  102 104 106
Frequency (rad/sec)
Fig. [A-6] Bode plot of AEG current loop .
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Fig. [A-7] Step response of AEG current loop .
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A.2.2 The Tachogenerator Filter.
Commands from the DSP are fed into the AGE Inverter at the mput to the 
Tachogenerator filter A. Bypassing this filter will remove the current protection from 
the Inverter. The output from the Tachogenerator filter C feeds direcdy into the 
current command of the current controller The Tachogenerator filters are thus in the 
forward path of a potential closed loop system. The transfer function for this filter 
configuration depicted in Figure [A-8], is given in equation [A-5] and the 
corresponding Bode plot is given in Figure [A-9] As is evident from the Bode plot 
the Tachogenerator filter's cut-off frequency is much faster than that of the current 
controller. Thus the presence of this filter is often neglected while modelling the open 
loop system. The Tachogenerator filters do however contribute to a faster gam roll­
off, for the cascaded open loop system The phase roll-off of the Tachogenerator 
filters is also mside the bandwidth of the current controller, and bears consideration in 
the context of phase margins for the closed loop system
C1
Fig. [A-8] AEG Tachogenerator filter A&C.





Fig. [A-9] Bode plot of AEG Tachogenerator filters A&C cascaded.
A.2.3 Velocity Loop.
The AEG velocity controller is a PI controller. The circuit and transfer function for 
this controller are given in Figure [A-ll] and equation [A-8].
330K 21 nf
Fig. [A-ll] PI velocity controller.
-£■ = K„ (1 ■+ KJ s )  = 33(1 + 144/s) [A-8]
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The AEG velocity loop is the cascaded combination of the velocity controller, 





%COMP_MODEL This function augments plant and compensator
% Related Functions models.m fs_model.m 
if findstr(type,'def)
%augmented model discription (default)
%output following
al=[af bf*H;-B*cf A-B*df*H];bl=[bf ;-B*df]; 
dl=df; cl=[df*H -cf];
%becouse the system is output following, the estimator states drive to zero 




al=[af bf*H;-B*cf A-B*df*H]; 
bl=[zeros(size(af)*[l; 0],1) ;B]; 














where ABC described the plant and 
where af..df described a SS dicscrption of the 
compensator. The first n states correspond to the 
compensator states.
The output corresponds to the compensator 
output and the controller input u(k)..
Use type 'default'






% reference input followning 
if fmdstr(type,'input') 
al=[af bf*H;-B*cf A-B*df*H]; 
%bl=[zeros(size(af)*[l; 0],size(B*cf)*[0;l]) ;B*cf]; 




















%MODELS Returns a state space model for the compensator defined by method 
% [af,bf,cf,df]=models(A,B,C,D,K,L,method)
% method= 'predictive' I'current1 1'smoother' I'fsfb'






af = A - L*H*A -B*Kc +L*H*B*K ;
bf = L; cf = K; df = zeros(size(Kc)*[l;0],size(Kf)*[0;l]);
bfi=[B*K+L*H*B *K];
end
















% account for 1 sample delay !
B-3
af= [0  zeros(l,size(af)*[0;l]); bf af]; 
bf=[l;zeros(size(bf)*[l;0],l)]; 
cf= [0  cf]; 
end
%Smoother compensator











%COSTS evaluates the LQG cost normalised against the LQ cost 
% [J,x,u,xn,un]=costs(A,B,C,D,K,L,Ql,Q2,method)
% where K is the controller gain
% L is the estimator gain







%augment plant and compensator 





x=x(2:3,:); % remove delay state 
end














% This function construct a preturbation bound function for the
% multiplacitive uncertamty Pra=num 1/den 1
% and numinal plant P=(num2/den2)
% The function returns [num,den]=(Pm(s)-P(s))/P(s)
% Author Paul Kettle 7/5/1994
% This function is used m establishing the performance bounds of
% a given controller using the sensitivity function
n 1 =conv(num 1 ,den2 ),
n2 =conv(den 1 ,num2 ),
if length(nl) > length(n2 )
nura=n 1 -[zeros( 1 ,length(n 1 )-length(n2 )) n2 ],
else
nura=[zeros(l,-length(nl)+length(n2 )) nl]- n2 , 
end
den=conv(den 1 ,num2 ),
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B.5 designc.m
% This script executes a full design cycle for the different controller implementations 
% The models used in this design are those for the system with current loop 
% dynamics and armature current measurement information 
% The controller design in specified using a single parameter "design"
% This parameter is a string containing the following keywords
%LQG design Keywords: {current, smoother,predictive, LQG , PI_LQG, DE_LQG
% qe,qc,Input_ref}
%
% qe and qc represent the free design parameter for the LQ controller 
% and Kalman estimator
% If qe or qc are not specified in the design string then there default values 






if ~size(findstr(design,’qc'))*[ 1 ;0]
qc=350;
end










disp(sprintf('LQ design parameter is set to %f ,qc)); 
disp(sprintf('Estimator design parameter is set to %f ,qe)); 
disp(sprintf('Nominal controller design'));
%current amplifier 
denc=[l -0.941 -0.0404]; 
numc=-[0 -0.3752 ai815]*K2;
[numcc,dencc] =d2ctf(nurac,denc, 1/30000);





















Q1=[(1/268)A2 0; 0 (l/(pi))A2];







disp('Nominal Controller design for LQG')
[K,S,E]=dlqr(am,bm,Ql*qc,Q2);
gama=(bm'*S*bm+l)A(-0.5);
disp(sprintf('Andersons Gamma %f ,gama))
disp('Nominal Estimator design for LQG')

















Ae=[l zeros(l,size(am)*[l;0]) ;bm am];
Be=[0 ;bm]; 
ce= [0  cm]; 
de=[0 ];
H=[0 H;K1*K2 cc 0 0 ];
R=[l 0; 0 500];
ae=Ae;
be=Be;






















[y,x]=dstep(al,bli*[0 0 l]',cld,dl, 1,5000);
[yv,xv]=dstep(al,bli*[0 1 0]',[0 0 0 1 0],dl, 1,5000); 
return 
else
disp('Building compensator model DE_LQG') 
[af,bf,cf,df,bfi]=models(ae,be,H,de,[l K],L',method); 
[al,bl,cl,dl]=comp_model(am,bm.[cm;cc 0 0],af,bf,cf,df,'def); 
[ald,bld,cld,dld]=comp_model(am,bm,[cm;cc 0 0],af,bf,cf,df,'dis'); 
end
elseif findstr(design,'LQG')







%This script plots perturbation bounds for Inertia variations, viscosity variations, 
%current amplifier variations saturation and variations and a worst case variation. The 
%system is specified using the designc.m script
numm=Ki; 
denm=[Jmm Bmm]; 
denc=[l -0.941 -0.0404]; 
numc=-[0 -0.3752 0.1815]*K2;




%cl= [0  0 1 ];
%[al,bl]=d2c(al,bl,T);
% [numm ,denm]=ss2 tf(a 1 ,b 1 ,c 1 ,dm); 
delta= 2
%Inertia increases a Factor of 4 (delta=2) times the nominal
[nl,dl]=series(numcc,dencc,Ki,[delta* Jmm Bmm]);
[n,d]=perbou(n 1 ,d 1 ,numm,denm) 
bodem(d,n,w);











%nurac=[0 -0.3752 0.1815] 
%[nuracc,dencc]=d2ctf(numc,dene,1/30000); 
%[n2 ,d2 ]=series(numcc,dencc,numm,denm);
% [n2 ,d2 ] =series( 1 ,dcgain(numcc,dencc),n2 ,d2 );
% [n,d]=perbou(n2 ,d2 ,numm,denm);
%bodem(d,n,w);
% Tachogenerator filters
[numtc,dentc]=series([l],[1.8e-4 l],[l],[1.8e-4 1]); 
%[numt,dent]=c2dtf(numtc,dentc, 1/5000); 
[n2 ,d2 ]=series(numtc,dentc,numm,denm);





%nl=[-3.638e-12 1.013e8 9.603el0 2.27el3 5.674el2]; 
%dl=[l 1.076e4 2.23e7 1.347el0 2.4el2 5.674ell];
% [n2 ,d2 ] =series (n 1 ,d 1 ,numra,denm);
% [n2 ,d2 ]=series( 1 ,dcgain(n 1 ,d 1 ),n2 ,d2 ); 
%[n,d]=perbou(n2 ,d2 ,numm,denm);
%bodem(d,n,w);
% Everything at once
[numc,denc]=series([l],[1.8e-4 l],[l],[1.8e-4 1]); 
[n2 ,d2 ]=series(numc,denc,numcc,dencc); 
[n2,d2]=series(n2,d2,0.5,[delta*Jmm delta*Bmm]); 





% Thus function draws a Nyquist plot local to a unit circle centered about 











circle(gama,20 0 ,[-l 0]) 












% SENSIT determmes the a sensitivity function for a plant and estimator 
% in series
% [num,den]=sensit(al,bl,cl,dl,as,bs,cs,ds)
% al..dl represent the state space discnption of estimator
% as .ds represent the state space discnption of the plant
% S(z)=num/den









% SENSIT determines the a complementary sensitivity function for a 
% plant and esumator msenes
% [num,den]=csensit(al,bl,cl,dl,as,bs,cs,ds)
% al..dl represent the state space discnption of estimator
% as ds represent the state space discnption of the plant
% T(z)=num/den










% This scripts plots the sensativity and complementary sensitivity 
% functions for a controller designed using the design m scnpt file 
%  Author Paul Kettle.
[num,den]=sensit(af,bf,cf,df,am,bm,cm,[0]), 
dbodem(num,den,T,w), 
ax=axis, 
hold on
[num,den]=csensit(af,bf,cf,df,am,bm,cm,[0]),
dbodem(num,den,T,w),
axis (ax),
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